input output equations - 6.1

6. INPUT-OUTPUT EQUATIONS

Topics:
 The differential operator, input-output equations
» Design case - vibration isolation

Objectives:
* To be able to develop input-output equations for mechanical systems.

6.1 INTRODUCTION

To solve a set of differential equations we have two choices, solve them numeri-
cally or symbolically. For asymbolic solution the system of differential equations must be
manipulated into asingle differential equation. In this chapter we will look at methods for
manipulating differential equationsinto useful forms.

6.2 THE DIFFERENTIAL OPERATOR

The differential operator 'd/dt’ can be written in a number of forms. In this book
there have been two forms used thus far, d/dt x and x-dot. For convenience we will add a
third, ’D’. The basic definition of this operator, and related operations are shown in Figure
6.1. In basic terms the operator can be manipulated asif it isanormal variable. Multiply-
ing by "D’ resultsin aderivative, dividing by 'D’ resultsin an integral. The first-order
axiom can be used to help solve afirst-order differential equation.
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. R d, _ - = Dn 1, _
=x = Dx =X = |xdt
basic definition at dtn I
algebraic manipulation Dx+ Dy = D(x+Y)
Dx+ Dy = Dy+ Dx
Dx+ (Dy+ Dz) = (Dx+ Dy)+ Dz
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first-order axiom x(t)  _ e_at(jx(t)eath C)
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Figure6.1  General properties of the differential operator
XD + Ax = y(t) x(D+A) =y(1)
_ oy
“'xD + eMAx = eAty(t) X D+A
eMxD = eAty(t)
eMxD = eAty(t)
d, at _ _ad at
dt(e X) = € Oltx+ae X

'x = [e"y(tydt+C
X = e_AtU &y(t)dt + c)

YO _ e_AtGeAty(t)dH C)

t t t
De*'x = e Dx +ae™x

Figure 6.2

Proof of the first-order axiom
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Figure 6.3 contains an example of the manipulation of adifferential equation using
the D’ operator. The solution begins by replacing the’ d/dt’ terms with the’ D’ operator.
After thisthe equation is rearranged to simplify the expression. Notice that the manipula-
tion follows the normal rules of algebra.

d)2 d _
(dJ X+th+5X = 5t

D2x + DX + 5x = 5t

x(D?+D +5) = 5t

_ ot
X= —F—
D"+D+5
x =t 5—=>—)
D"+D+5

Figure6.3  Anexample of simplification with the differential operator

An example of the solution of afirst-order differential equation is given in Figure
6.4. This begins by replacing the differential operator and rearranging the equation. The
first-order axiom isthen used to obtain the solution. Theinitial conditions are then used to
calculate the coefficient values.
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Given, dgtx+5x = 3t x(0) = 10
Dx+5x = 3t g(te‘r’t 5t
3t guess, ¢ B
X~ D+5

5t 5t 5t
= bte" +e —-€

5t/ 5
e 5tUe 3tdt + C) = Gt

x
I

d, 5t 5t _ _ 5t
- & (teSt—eSt qi(te” —€7) = 5e’t
x=e |3 — 5

)+9
\ 5t 5t
te —e

= etdt
Initial conditions, S
x(0) = (1)(3@9&5@) +c) = 10
C = 106

—5t te5t—e5t
=€ (3( 5

) +106)

t

x = 0.6(t—1) + 10.66

X = 0.6t—0.6+10.66 >

Figure6.4  Anexample of asolution for afirst-order system

6.3 INPUT-OUTPUT EQUATIONS

A typical system will be described by more than one differential equation. These
equations can be solved to find a single differential equation that can then be integrated.
The basic technique is to arrange the equations into an input-output form, such asthat in
Figure 6.5. These equations will have only a single output variable, and these are always
shown on the left hand side. The input variables (there can be more than one) are all on the
right hand side of the equation, and act as the non-homogeneous forcing function.
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Yo+ 6y, +Y, = Ug +3U,+ U, + 0.5U, + Ug

u = inputs

Figure6.5  Developing input-output equations

A sample derivation of an input-output equation from a system of differential
eguationsis given in Figure 6.6. This begins by replacing the differential operator and
combining the equations to eliminate one of the output variables. The solution ends by

rearranging the equation to input-output form.

2y, Yy +ty;+4y; = uptup+3u,tuztug

Given the differential equations,

y; = =3y, +2y,+u +2u, (1)
)/2 =2y, +ty,+ le (2

Find the input-output equations.

@)

2

Dy, = =3y, +2y,+u; +2Du,
Oy,(D+3) = 2y,+u,; +2Du,

D+3

Dy, = 2y, +y,+Du,

Oy,(D-1) = 2y, +Du;

D(yl(DTjL?') —O.5u1—Du2)(D—1) = 2y, +Du,

2
D"+2D -3
D3/1( 2

005D%, + Dy, 35y, = Du, +0.5Du, — 0.5u, + D°u,—Du,

- )—O.5Du1+0.5u1—D2u2+Du2 = Du,

00.5y," +y,'=3.5y; = u;'+0.5u;"-0.5u; +u,' —u,'

Figure6.6  Aninput output equation example
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Find the second equation for the example in Figure 6.6 for the output y,.

Figure 6.7 Drill problem: Find the second equation in the previous example

6.3.1 Converting I nput-Output Equationsto State Equations

In some instances we will want to numerically integrate an input-output equation.
The example starting in Figure 6.8 shows the devel opment of an input-output equation for
two freely rolling masses joined by a spring. The final equation has a derivative on the
right hand side that would prevent it from being analyzed in many cases. In particular if
the input force’F was a step function the first derivative would yield an undefined (infi-
nite) value that could not be integrated.
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Equations of motion can be derived for these masses.

F M, Ko=) D> Fy = F+Ks(Xo—xp) = M1D2X1
— 5
X;(M;D"+K) = F+Kx,

Ko(Xo —X1) D Fy = Kelxp=xq) = M2D2x2

IV|2
e B

KX, = X,(M,D” +Ky)

The equations can be combined to eliminate x2.

2 _ KeXq
X, (M{D?+Kg) = F+ K ——
M,D% + K

2 2 2 2
x,((M;D” + K)(M,D? + K) —KZ) = F(M,D” +Ky)
x,(D*M;M, + D°K (M, + M,) + K> —K2) = F(M,D*+K,)
x (DM M, + D°K (M, + M,)) = F(M,D*+K,)

d\4 d\?2 d)?
(d—g x1M1M2+(a-J X, K (M +M,) = (d_J FM_+FK,

Figure6.8  Writing an input-output equation as a differential equation

The equation is then converted to state variable form, including a step to calculate
a second derivative of the input, as shown in Figure 6.9.
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This can then be written in state variable form by creating dummy variables for integrat-
ing the function'F’.

D=

(g)dlM M, +a,K(My + M) = acM, + FKq

()0 = 2o ) vl Pl

1
The approximate val ue of the second derivative of a unit time step can be calculated using

the time step.
1 (when the timestep, step, it is turned on)
0 T2
ar = —Tiz (after the first timestep)
1 1
Ve = Tag +Tag = T(_z) +T(‘_2) =0 (toverify)

T T

2 2 2 2

Lo+ Do = (L) 4 T(L) = 141 -
= —a+—a = —|=|+=[=] ==+= =
L L L) e e A

These equations can then be written in matrix form.

| |01 0 o] |0 O
alv| |00 1 Oy, [0 © |,
i .| = [0 0 1| 5o o [j
U g oMMy |12 ) 1 Ky
dy MM, LR IVIRY M|

r------------------1
QD
T
1
L------------------

Figure6.9  Writing state equations for equations with derivatives
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6.3.2 Integrating | nput-Output Equations

An input-output equation is aready in aform suitable for normal integration tech-
niques, with the left hand side being the homogeneous part, and the right hand side is the
particular part. If the non homogeneous part includes derivatives, these determine the val-
ues of initial conditions. An example of explicitly solving such an equation is shown in
Figure 6.10 and Figure 6.11.

The solution begins by evaluating the homogeneous equation.
X +3X+2x = 4F +5F

The solution begins by eval uating the homogeneous equation as normal.
X+3x+2x = 0
A*+3A+2 =0

Az —3+3°-4(2) _ _
2

t

1,-2
X, = Cle_t+Cze_2

The particular solution can also be found as normal, assuming F is unit step function.

Guess, X =A Xx=0 X =0

0+3(0) + 2A = 2(0) + 5(1) AzD
2

The derivative in the non-homogeneous sol ution must now be used to find the initial con-
ditions. However the initial position and velocity are known to be zero.

(d%) 2xO + 3(0%) Xg+ 2Xy = 4(dgtF1) +5F,

(d%) "o + 3(0) + 2(0) = 4(d9t 1) +5(0)

- 4

d
d_th =4 <« Note: Thiswill be used asaninitial condition

for a step function

U(t) = ali

Figure6.10 Integrating an input-output equation
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--------------------------------1
Theinitial conditions can then be used to find the values of the coefficients. It will be
assumed that the system starts undeflected and at rest.

x(t) = Ciet+ Cze_2t+g

X(0) = Ce°+Ce’+2 = 0 C, = -C,-

N 101

X(t) = —C,e ' —2C,e '

X(0) = -C,-2C, =

—(—02—9—202

|
N

1
N
NO
1
|

The final equation can then be written.

_ .t 3 -2t,5
X(t) = —e 2e +2

Figure6.11  Integrating an input-output equation (cont’ d)

The examplein Figure 6.10 is reconsidered with a sinusoidal input in Figure 6.12.
In this case the initial acceleration isfound to be non-zero. In practical terms, this can be
ignored because only the initial position and velocity will be used to find the coefficients.
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Assume a sinusoidal input, with the system initially at rest.
F(t) = sin(t) F(t) = cos(t)
F0) =0 F(0) = 1
2 .
(8 %0+ 3( )%+ 2% = 4(F(0)) +5F(0)

(d%) "o+ 3(0) + 2(0) = 4(1) + 5(0)

(QJZ -4 Thisindicates that the acceleration will have an initial value,
d o = but it will not affect the initial position or velocity.

Figure6.12 Initial conditions for a sinusoidal input

6.4 DESIGN CASE

The classic mass-spring-damper system is shown in Figure 6.13. In this example
the forces are summed to provide an equation. The differential operator is replaced, and
the equation is manipulated into transfer function form. The transfer function is given in
two different forms because the system is reversible and the output could be either 'F or
X
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W 2
- dx _ _qdx
ZFY = _F+KOlolt +Kx = —M0|t2
Kd ‘ Ks 2
—— d~x dx
F = M=2+Ky2 +Kx
¢ dt2 dt S
X
M | F = MD’X+ K Dx + K.x
¢ E = MD%+ K Dx+Kx
F X

OR
1

MD®+ K D + K,

TIX

Aside: An important concept that is ubiquitous yet largely unrecognized is the use of
functional design. We look at parts of systems as self contained modules that use
inputs to produce outputs. Some systems (such a mechanisms) arereversible, others
are not (consider a internal combustion engine, turning the crank does not produce
gasoline). Aninput is typically something we can change, an output is the resulting
change in a system. For the example above ‘F’ over ‘X' implies that we are chang-
ing theinput ‘X', and there is some change in ‘F’. We know this could easily be
rever sed mathematically and practically.

Figure6.13 A transfer function for a mechanical system

Aside: Keep in mind that the mathematical expression ‘F/X’ isa ratio between input
(displacement action) and output (reaction force). When shown with differentials it
is obvious that the ratio is not simple, and is a function of time. Also keep in mind
that if we were given a force applied to the systemit would become the input (action
force) and the output would be the displacement (resulting motion). To do this all
we need to do isflip the numerators and denominators in the transfer function.

M ass-spring-damper systems are often used when doing vibration analysis and
designwork. Thefirst stage of such analysisinvolvesfinding the actual displacement for a
given displacement or force. A system experiencing asinusoidal oscillating forceisgiven
in Figure 6.14. Numerical values are substituted and the homogeneous solution to the
eguation is found.
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Given the component values input force,

M= 1Kg K, = 2% Ky = 05'\'—S F = 5sin(6t)N

The differential equation for the mass-spring damper system can be written.

1ng—t;( (05'\'5)‘;’: (2E)x = 5sin(6t)N

The homogeneous solution can be determined.

1Kgd—’2‘ 5199 (2D = 0
dt

—05&S+J(05NS) —4(1Kg)(2%D
2(1Kg)

A = 05(-05+ ,/025-8)s "

A = (-0.25+1.392j)s

X, = C,6 **'cos(1.392t + C,)

Figure6.14 Explicit analysis of amechanical system

The solution continues in Figure 6.15 where the particular solution isfound and
put in phase shift form.



input output equations - 6.14

r-------------------------------1
The particular solution can now be found with a guess.
2
1Kgd—;(+(0.5N—S)d—X+(ZE)x = 55in(6t)N
Xy = Asin6t + Bcos6t

xp' = 6Acos6t —6Bsin6t

Xy = —36Asin6t — 36Bcos6t
—36Asin6t — 36Bcos6t + 0.5(6Acos6t —6Bsin6t) + 2(Asin6t + Bcos6t) = 5sin(6t)
—-36B+3A+2B =0 5 A= ?i-;B
—36A-3B+2A =5
—34(3—;5) _3B =5
Bz —> - _001288 A = 2(_0.01288) = —0.1460
—343g342_3 3

X, = (~0.1460)sin6t + (~0.01288) cos6t

2 2
_ J(01960)" + (-0.01288)" 1460 s + (-0.01288) cosst)

X
J(=0.1460)? + (=0.01288)°
X, = 0.1466(~0.9961sin61-0.08788cos6t)
Xy = O.l4663|n(6t+ atan(_0.0878 )
x_ = 0.1466sin(6t + 1.483)

Figure6.15 Explicit analysis of amechanical system (continued)

The system isassumed to be at rest initially, and thisisused to find the constantsin
the homogeneous solution in Figure 6.16. Finally the displacement of the massis used to
find the force exerted through the spring on the ground. In this case there are two force fre-
guency components at 1.392rad/s and 6rad/s. The steady-state force at 6rad/s will have a
magnitude of .2932N. The transient effects have atime constant of 4 seconds (1/0.25), and
should be negligible within afew seconds of starting the machine.
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The particular and homogeneous solutions can now be combined.

X = X, + X, = C,6 "*'c0s(1.392t + C,) + 0.1466sin(6t + 1.483)

p

—0.25t

X = —0.25C,e -0t

cos(1.392t + C,) — 1.392(C,e >*'sin(1.392t + C,))

+ 6(0.1466 cos(6t + 1.483))

Theinitial conditions can be used to find the unknown constants.
0= Cleocos(o +C,) +0.1466sin(0 + 1.483)

C,cos(C,) = -0.1460
_ =0.1460
17 cos(C,)

0 = —0.25C,e”cos(0 + C,) —1.392(C,e”sin(0 + C,)) + 6(0.1466 cos(0 + 1.483))

0 = -0.25C, cos(C,) —1.392(C;sin(C,)) + 0.07713
_ (01460 )_ (—0.1460 . )
0.25(—COS( &) 08(C7)) ~1.392 =5 Cz)sn(Cz) +0.07713
0 = 0.0365 + (0.2032)tan(C,) + 0.07713
_ 0.0365 + 0.07713) _
C, = atan( s = —0.5099
_ 01460  _
. = cos(—0.5099) 0.1673
x = (=0.1673¢ *'cos(1.392t — 0.5099) + 0.1466sin(6t + 1.483))m

The displacement can then be used to calculate the force transmitted to the ground,
assuming the spring is massess.

F = Kx

F= (2%9 (~0.1673¢ *" cos(1.392t — 0.5099) + 0.1466sin(6t + 1.483))m

—0.25t

F = (-0.3346e cos(1.392t —0.5099) + 0.2932sin(6t + 1.483))N

1
1
1
1
i
i
1
1
1
1
1
1
i
1
1
1
1
1
1 0
i
i
1
1
1
1
1
i
i
1
1
1
1
1
1
i
1
k

Figure6.16 Explicit analysis of amechanical system (continued)

A decision has been made to reduce the vibration magnitude transmitted to the
ground to 0.1N. This can be done by adding a mass-spring isolator, as shown in Figure
6.17. In the figure the bottom mass-spring-damper combination is the original system. The
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mass and spring above have been added to reduce the vibration that will reach the ground.
Values must be selected for the mass and spring. The design begins by developing the dif-
ferential equations for both masses.

7

Ksz

X
M, ‘2

¢ KXo Z F = KypX,— Kd(x.z - Xl) —Kg (X, —X%q) = Mz)i'z
2
M2 _KSZXZ - Kd(XZD - XlD) - Ksl(xz _X]_) = M2X2D
) ) 2y _
Kg(Xo—Xq) ? ? Ky(x—x)  Xe(-Ko=KgD=Kg =MyD7) = i (=KD —Kg;)
- xZ(KSZ +K D +Ky + MZDZJ 0
KyD + Ky

Kd(xZ_Xl)‘ ¢ Kaa(xp =) Y F = Ky —Xp) + K (X —xy) =F = Myx

M, Ky(X,D —x;D) + Ky (X, —X;) —F = M,x,D?

? F X (=KygD =Kg — M1D2) +X,(KgD+Ky) = F (2)I

Figure6.17 Vibration isolation system

For the design we are only interested in the upper spring, asit determinesthe force
on the ground. An input-output equation for that spring is developed in Figure 6.18. The
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given values for the mass-spring-damper system are used. In addition avalue for the upper
mass is selected. Thisisarbitrarily chosen to be the same as the lower mass. This choice
may need to be changed later if the resulting spring constant is not practical.

The solution begins by combining equations (1) and (2) and inserting the.numerical val-
uesfor the lower mass, spring and damper. We can also limit the problem by selecting a
mass value for the upper mass.

Keo + KgD + K + MpD 2 _

_ 5N _ Ns _

K, +05D +2+D
X2 05D + 2

Zj(— 05D—-2-D%) +x,(05D +2) = F

X,(D°+ 05D +2 +K,)(D*— 05D —2) + x,(0.5D + 2)> = F(0.5D + 2)

x,(D*(=1) + D*(K,) + D'(-0.5K,) + (—2K,)) = F(0.5D +2)

This can now be converted back to a differential equation and combined with the force.
d\4 d\2 d

_(dgt) 4x2 + Ksz(dgt) 2x2 - O'SKSZ(dgt) Xy — 2K X,

O.S(d%) F+2F

o.5(d9t)5sin(6t) +2(5)sin(6t)

_(dgt) 4x2 + Ksz(dgt) 2x2 - O'SKSZ(dgt) X, —2K,X, = 15cos(6t) + 10sin(6t)

Figure6.18 Developing an input output equation

This particular solution of the differential equation will yield the steady-state dis-
placement of the upper mass. This can then be used to find the needed spring coefficient.
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_( dgt)4x + Ksz(gi)zxz—o-5'<sz(:t)x2 2K %, = 15c0s(6t) + 10sin(6t)

= AsSin6t + Bcos6t

p
ngx = 6Acos6t —6BsSn6t

><'c
11

—36Asin6t — 36B cos6t

—216Acos6t + 216Bsin6t

Q_Q_Q_
‘Ql/
I

1296Asin6t + 1296B cos6t

v
]

sin(6t)(— 1296A — 36AK ., + 0.5K,6B — 2K,,A) = 10sin(6t)
A(-1296 - 38K,) + B(3K,) = 10
10 + A(1296 + 38K )
) 3K52
cos(6t)(— 1296B — 36BK, + (—0.5)K,,6A — 2K ,B) = 15cos(6t)
A(-3K,) + B(— 1296 —38K,) = 15
10 + A(1296 + 38K )
3K,

A(-3Kg,) + (-1296-38K,,) = 15

A(-9KZ,) + (10 + A(1296 + 38K ,)) (— 1296 — 38K ,) = 45K,

A 9Ky + A(1296 + 38K_,) = ks 10
(— 1296 — 38K ) ( ) = (—1296—38K,)
45K
S2 —~10
A (- 1296 — 38K,)
9K + (1296 + 38K_,)

(— 1296 — 38K ,) s2
A 45K, + 10(1296 + 38K ,)

—9KZ, + (1296 + 38K ,) (— 1296 — 38K ,)

425K, + 12960

A =

— 1453K 5, — 98496K , — 1679616

Figure6.19  Finding the particular solution

The particular solution begins with a guess.
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r

1 Thevaluefor B can then be found. I
! !
I 425K, + 12960 !
| 10+ - (1296 + 38K.,) |

— 1453K5 — 98496K , — 167961
! B = !
! !
| 5 - 10 1453K 5, — 98496K , — 1679616) + (425K 5, + 12960) (1206 + 38K,;) 4
: 3K, (— 1453K5, — 98496K . — 1679616) :
: o 1620K5, + 2.097563x10°K 5, :
2

| 3K o (— 1453K5, — 98496K , — 1679616) |
1 540K , + 69918768 1
! B = !
I — 1453K5, — 98496K , — 1679616 I
L Il BN BN BN B I BN B BN B B B B B B BN B B B B B B D B B B B B B B B . ‘

Figure6.20 Finding the particular solution (cont’ d)

Finally the magnitude of the particular solution is calculated and set to the desired
amplitude of 0.1N. Thisisthen used to calculate the spring coefficient.

amplitude = JA? + B?

01 = ( 425K ,¢ + 12960 I . ( 540K, + 69918768 I
' — 1453K5, — 98496K . — 167961 — 1453K 5, — 98496K , — 167961

A value for the spring coefficient was then found using Mathcad to get a value of 662N/m.

K=
givet
425K + 12960 2 N 540K + AI918T6R - 0
(-1453-K-K) — 98496 K — 1679616 (-1453-K-K) — 98496 K — 1679616 '
find(K) = 66162

Figure6.21 Calculation of the spring coefficient
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6.5 SUMMARY

* The differential operator can be manipulated algebraically
* Equations can be manipulated into input-output forms and solved as normal dif-
ferential equations

6.6 PRACTICE PROBLEMS

1. Develop the input-output equation for the mechanical system below. There is viscous damping
between the block and the ground. A forceis applied to cause the mass the accelerate.

2. Find the input-output form for the following equations.
y+y+x =3
X+X+y =10
3. Find the input-output form for the following equations.
Xy + X+ 2X =X, =X, = 0
Xy =Xy Xy + Xy + Xy = F

4. The following differential equations were converted to the matrix form shown. Use Cramer’s
rule to find an input-output equation for ‘y’.

y+2X = — F
YT 10 CHINNE) H - |5
7y+4y+9%+3x = 0 (7D +4) (9D + 3)| X 0
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5. Find the input output equation for y2. Ignore the effects of gravity.
Z

|y

KsZ

v |y
+F

6. Find the input-output equations for the systems below. Here the input is the torque on the left

hand side.
0, 6,
ro—~ ¥y~
Y > y
() Ka

7.

7. Write the input-output equations for the mechanical system below. The input isforce ‘F, and
theoutput is‘y’ or the angle theta (give both equations). Include the inertia of both masses, and
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gravity for mass‘M’.

8. The applied force ‘F isthe input to the system, and the output is the displacement ‘x’.

a) Find x(t), given F(t) = 10N for t >= 0 seconds.

b) Using numerical methods, find the steady-state response for an applied force of
F(t) = 10cos(t + 1) N ?

a) Solvethe differential equation to find the explicit response for an applied force
of F(t) = 10cos(t + 1) N ?

d) Set the acceleration to zero and find an approximate solution for an applied
force of F(t) = 10cos(t + 1) N. Compare the solution to the previous solutions.

6.7 PRACTICE PROBLEM SOLUTIONS
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-B) F
+x/ =] = =
X X(M v
X+2x = -3
y+2y =3

F 2
10(9D +3)

F
10 (2)
0 (9D%+3)

D) (2
(7D + 4) (9D* +3)

y(9D* + 3D%~ 14D - 8) = F(0.9D% +0.3)

_ _ __F(09D*+03)
D?(9D?+3)-2(7D+4) 9D*+3D*-14D -8

(d) y©) + (d) y(3) + (d) y(-14) +y(-8) = (dgt)zF(O.9)+F(o.3)

&5+ (@YY@ D - (e e

2y + (B)y, (e Efﬁfj ted). yz(%;@ -

(&) Flri) + F (B2
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(5 00+ (§) 02252 +(§) e K52”j‘§§2+5182)
(@255 = 5%
1 2 1v2

(&) e (3 o(F25 ) () o (2=«

(o(25579 = () @) (3

I
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v

™M = —R(K(BR)) + R(K(—y—BR)) = J,,0
\V R?’KO + RKy + R°’K8 = -J,,6
R(K(-y~6R)) e(ZRZK_%j =y
K(-y-6R) ? ?y SF = K(-y-6R)-F-Mg = My
" K(y+8R) +F + Mg = -MyD>
B(KR) + F + Mg = y(— MD*—K)
F+Mg* B(KR) + y(MD?+K) = —F —Mg

for the theta output equation;

2R°K +J,,D )
8(KR) +6 T RK (MD"+K) = —=F-Mg

8(—K°R%) + B(2R°K + J,,D?)(MD” + K) = FKR+MgKR

0(—K°R® + 2R°MKD” + 2R°K* + J,,MD" + J,,KD?) = FKR+MgKR
J

(d) e( U ) (GD 0(2R?M + J3,,) + 8(K’R®) = FKR+ MgKR

dt
4 33

(g)e+(g)92RK+@+eKR FKR MgKR
dt dt Ju M JuM JuM — JyM

for the y output equation;

4 2
J,D*M Jy,D
V(ZRZMD2+ “"K +K2R? + “"K —RZKJ =

y(izj(m) +y(MD?+K) = —F —Mg
D
—F(2R2+

2R°K +J,,
JMKDZJ _Mg(2R2+ JMKDZJ
(2520 (9w ) o0 -
(GD ( )+F(—2R)+( —2MgR?)
(6 (B {5 -

M (972 o 2 [
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) KK, K, K,
Aigae ) = Fl )+l

M(K, +K,) M(K, +K.,) K, +K
) x(t) = —0.2168c0s(5.774t) + 0.2162

b) X(t) = —0.2168cos(5.774t) + 0.02cos(t + 1) + 0.1962

C) X(t) = 0.02cos(t + 1) + 0.1962

6.8 ASSGINMENT PROBLEMS
1. Find the input-output equations for the differential equations below if both’x’ and’y’ are out-
puts.
y+y+5x =3

X+X+y =7

2. For the system pictured bel ow find the output response as afunction of timefor y1 and y2 using
a) integration to find an explicit function, b) numerical analysis using Scilab or C.

%

— 100N
Ky Ky = 100m
M, = 1Kg
M, Y1 N
Ko = 10005
% Keo M, = 0.1Kg
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