state space analysis - 20.1

20. STATE SPACE ANALYSIS

Topics:

Objectives:

20.1 INTRODUCTION

- state equations can be converted to transfer functions. The derivation follows.
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State equations as functions of time

X = Ax+ Bu
y = Cx+Du
In the s-domain

SX—X, = AX+BU
X(sl —A) = BU +X,
X = (sl —A)BU + (sl —A) *Xo
Y = CX+DU
Y = C((sl —=A)'BU + (sl —A) *Xo) + DU
Y = (C(sl —A) "B+ D)U + C(sl —A) "Xo
Assuming the system starts at rest,
Y = (C(sl —-A)'B+D)U

5 = (C(sl —A)_lB +D) (the transfer function)

- state equation coefficient matrices can be transformed to another equivalent for,
if the state vector is rearranged.



state space analysis - 20.3

State equations as functions of time
X = Ax+Bu
y = Cx+Du
Map one state vector to another one
X=Tz
This can be used to calcul ate new coefficient matrices

2 = T (Ax+ Bu)

T (ATz+ Bu)

5 =

z=T ATz+T 'Bu

2= T ATz+T 'Bu A= TAT B=T"'B
z = Az+Bu

The output equation becomes

y = Cx+Du
y = CTz+Du
y = CTz+Du C=cCT D=D
y = Cz+Du

The equivalent set of state equationsis,
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The two following transfer functions are equivalents
G = C(sl-A)'B+D

— - 11— —
G = C(sl-A) B+D

This can be shown by applying the transformation matrix
G=CTT(sl-A) TTB+TT'D
G = (CT)(T sl —A) "T)(T'B) + D

G = (CT)((sl —A) ™) (T™'B)+D

G = C((sl-A) )B+D = G

* The transfer function form can be put into a matrix form. In this case the denom-
inator is the characteristic equation.

The transfer function can be said to be equivalant to the determinants of the matrix form.

(sl-A) -B
|sC| —A|D = 8 _AS)|D_;(_B)C = (sl —=A)D + BC(sl —A)
(sl—A) -B
o =t Be0 = =

|sl —A| = characteristic equation = homogeneous

* The free (homogeneous) response of a system can be used to find the state transi-
tion matrix.
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The homogeneous equation can be written in the s=domain, and then converted to time.

X, = Isl =AlX,
-1
Xp(t) = L Isl —AIX,]
2 .3
_ [t AL AT A
Xp(t) = L HS+ . 2 + 3 + ..}XO}
Xp(t) = eAtx0 e™ = transition matrix

aside: Thisexpansion isaMcLaurin (Taylor) series.

At _ 1\,22 (1),33
e = |+At+(2!)At +(3!)At + ..

* The forced response (particular) response of the system can be found using con-
volution,

The homogeneous equation can be written in the s=domain, and then converted to time.

X = Ax+ Bu

t
X(t) = eAtx(O)+j eA(t_T)Bu(T)dt
0

y = Cx+Du :
y(t) = Ce™x(0) + [ ce™'"VBu(r)at + Du(t)
0
| | |
initial impulse
response response

» As an example the homogeneous/free response of the system is shown below.
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Given a second order differential equation, the state matrix can be found,

F = MX
X =V 0 -
dix| _ [01]|x _ 101
Uy M i

This can be used to find the inverse matrix,

) [51} s1] [11
- _1 — —
_ _ 0s 2 2 2
(SI—A)l:(slo—Olj =[5 === [ss - |Ss
01 1|00 0 s sT-0 0 s 1
2 2 0 2
s” s S

The function of time can be found assuming an initial position of 10 and velocity of 5.

- el

* The forced/particular solution is shown below,

= L(sI-A) T = {1 t}

Given a second order differential equation, the state matrix can be found,
F = Mx

* If amatrix is diagonizable, the diagonal matrix can be found with the following
technique. This can be used for more advanced analysis techniquesto create diagonal (and
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separable) system matrices.

Given amatrix A, apurely diagonal matrix may be found,

A
T'AT = A A=TATS A=|
}\I’l
This may also be written as,
= M At
e ..
At
e : ......
At
e
This can also be applied to the
2
M= +At+2—1|A 2+

_ 1. 2
M= |+ TAT 1t+2—1|(T/\T P

Eigenvalues can be found using the following relationship. If any of the Eigen-
values are repeated the Jordan normal form is required.

IAl-Al =0 Note: the Eigenvalues are the values
found in the characteristic/homoge-
neous equation solution.

The Eigenvalues are then used to find the Eigenvectors,
(Al=A)v =0 Av = Av

The Eigenvectors are then combined into a single matrix, thisis the transition matrix.

* example,
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Given the state matrix
—3 4

The eigenvalues can be calcul ated,
01 |-34 3 AN-4

O =X +1)(A—=4)—(=6) = N°=3A+2 = (A=2)(A—1)

Therefore the Eigenvalues are, A =2 A, =1
An eigenvector can be calculated using the Eigenvalue 2.

—12|uy| _ Uy _ U
[ } 1=, Y =2
—3 4] |y Uo1 Uz
_ |UYn| _
—Uy; +2Uy = 2uy, O2uy =3uy; Vi~ [u ] = [
Another eigenvector can be calculated using the Eigenvalue 1.
—12||up| _ Up| . (U
[ } 12 =), 12 =122
—3 4] |Uy, U2 )
_ Y12 _
—Upp +2U = Upp Ouy =up, V2 = [u ] - [

The Eigenvectors can be combined to a single matrix.

T= vy = Eﬂ

To check, AV, = V.

g
S -

1 _ |4 |2 verified
6 |1

* If there are repeated Eigenvalues in the system the Jordan Form can be used.
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A, 10.. 0 0
0OA1.. 0

J = 0 0A;.. 0 O Jordan block

o

000 ..\_1
000.. 0 A

Consider the example below with repeated eigenvalues.

21 1
A=1|1 21 Find amatrix, that has repeated eigenvalues, and is not singular
1 1-2
A-2 -1 -1 )
A-Al=| 1 A-2 -1 | = (A+3)"(A-0)

-1 -1 A-2
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Solve for the Jordan block one column at atime,

Ty 21 1||Ta —2T Ty + Ty
LTy = |1 =2 1||Tyy| = | Ty —2Tp + Ty FIX
LEY 1127y T+ Ty —2Ty

Ty = 2T+ T+ Ty Ty =
Ty = T+ 2T+ Ty Ty =
Ty = T+ T +2Ty Ty =
T 21 1||T 2T+ T+ Tap

LTy = |1 2 1||Ty| = | Tp—2Tp+ Ty,
T 1 1-2)|Ty Tip+Typ—2Tg
Tip = 2T+ T+ Ty
Ty = T+ 2T+ Ty
Tgp = Tt T+ 2Ty,
Ti3 21 1|3 —2Ty3+ Tyg+ Ty

OlTy| = |1 =2 1||Tos| = | Ty3—2Tp3+ Ty3
Ta3 1 1-2)|Tgy Tig+ Ty3—2Tg3

ATy = 2T3+ Tzt Ty
ATy = T3+ 2T 5+ Ty

4T3 = T3+ T3+ 2T53



state space analysis - 20.11

* The Eigenvectors can be used to calculate the system response.

Given the following Eigen values and vectors the free responseis,

| { el

2t t
() = 3 ve' = H e+ H et = |2 e
3 1

2t t
=1 3e +e

» zeros of state space functions can be found using the state matrices.
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The following relationship locates the zero frequencies in state equations.

sol —A -B
C D

=0

Consider the example beginning with state equations,
X = V—5F
v = —3x—4v+5F

Yl ol

A:[_O:ai] Bz[_j C=10 D=0

This can be put into the matrix form,

G-
R

s -1 5

3s+4-5 =0

1 0 O
$0(0) = (=1)(-4.5) +5((sp +4)) = O
—245 = 5s,
Sp = 4.9

Thereis one zero at -4.9 rad/sec. The order of the polynomial determines the
number of zeros. If the polynomial hasno’s terms, then there are no zeros.
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20.2 OBSERVABILITY

- asystem is observable iff the system state x(t) can be found by observing the
input u and output y over a period of time from x(t) to x(t+h).

- If aninput isto be observable it must be detectable in the output. For example
consider the following state equations.

3= 90l
= o )

if the parametersc, d or f were not in the final expression for y, the second state equa-
tion would be said to be not observable. Thiswill happen when an output parameter
iszero in the C matrix and an equation is decoupled in the A matrix, i.e. the same
variable column is zero.

For example,

- ol e

=[5+ [dn

\'/

G =C(si-A)'B+D =[5 o]([gj-[é _()D_l[ﬂ + 6l

o ;

o= Gl o) [0 - b o] | [] 0

0 s+a|
1, 3
— - 15
e T e KR | S KR
s+a s+a

Note: the variables’a and’b’ both dissapeared because this system is not
observable.
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* This often happens when a system has elements that are decoupled, or when a
pole and zero cancel each other.

* Observability can be verified formally for an LTI system with the following rela-
tionship.

The system is unobservable if the equation below istrue for any state,

ce™x =0 t=0 L]0 0
*_|0] |1 0
X = ,
0| |0 1
One example,

oo

cott <] $ N[} < oo st { [} ]

At_*

- 1 0
Ce'x = {[(Set + 6e3t) (5e2t + 6e4tﬂ H [(Set + 6e3t) (5e2t + 6e4t)} u}

ce™x = {(5¢'+6e™), (56™ + 6e™)}

Both values are non-zero, so both states are observable.

One example,

B e

o a3 il e

The second state is not observable.

» Another theorem for testing observability is given below. If any of the states sat-
isfies the equation it is unobservable.
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* Yet another test for observability is,

rank(M,) = rank CA | - n

n-1

CA

* If asystem in unobservable, it is possible to make it observable by changing the
model.

* A pole-zero cancellation is often the cause of the loss of observability.

« If al unstable modes are observable, the system is detectable.

20.3 CONTROLLABILITY

- asystem is controllableiff there is an input u(t) that will cause the system to go
from any initial state to any final statein afinite time.

- stahilizableif it is controllable or if the uncontrollable nodes are stable.

- If aninput isto be observable it must be detectable in the output. For example
consider the following state equations.
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8- 90 e
= o]

if the parametersc, d or f were not in the final expression for y, the second state equa-
tion would be said to be not uncontrollable. Thiswill happen when an output
parameter is zero in the C matrix and an equation is decoupled in the A matrix, i.e.
the same variable column is zero.

For example,

- sl e

=[]+ @

\4

T RN b

e=b451(j1@+@=b4£¥ﬁ§%@+m

0 s+

6= [pq|*?

Note: the variables’a and b’ both dissapeared because this system is not con-
trollable.

* This can be verified with the
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The basic relationshipis,
x T
x)e'B =0 t=0
An exampleis,

S N
BEE-eapalff ]

]
{[1 1. To ﬂ}[562z+662t

_ {5e1t + 6eZt, 5ee,t + 6e4t}
5e +6e4t

The results are both non-zero, so both states are controllable.

An exampleis,

Ao ) o= |
BB - (rabaff ]

:
{[1 )+ o 1]}[3:4 = {0,3¢"}

Thefirst state has a zero, so it in not controllable.

» Another test for controllability is,

(X*)T[B AB ... A”‘ls}

* Yet another test for controllability is,
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rank(M,) = rank[B AB . An_lB} =n

* For a system to be controllable, al of the states must be controllable.

* If asystemin uncontrollable, it is possible to make it observable by changing the
model.

* A pole-zero cancellation is often the cause of the loss of observability.
« if all unstable modes are controllable, the systemsis said to be stabilizable.

* The principle of Duality requiresthat a system be completely observable to be
controllable.

20.4 OBSERVERS

* Observers estimate system state variables when not all of the variables are
directly observable.

* Observers use alimited set of system states that are available to identify other
system states that are not observable.

* The separation principle ensures that the observer cannot effect the stability of
the system it is observing.

20.5 SUMMARY
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20.6 PRACTICE PROBLEMS

20.7 PRACTICE PROBLEM SOLUTIONS

20.8 ASSIGNMENT PROBLEMS

1.

20.9 BIBLIOGRAPHY
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