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5. ROTATION

Topics:
* Basic laws of motion
* Inertia, springs, dampers, levers, gears and belts
* Design cases
Objectives:
* To be able to develop and analyze differential equations for rotational systems.

5.1 INTRODUCTION

The equations of motion for a rotating mass are shown in Figure 5.1. Given the
angular position, the angular velocity can be found by differentiating once, the angular
acceleration can be found by differentiating again. The angular acceleration can be inte-
grated to find the angular velocity, the angular velocity can be integrated to find the angu-
lar position. The angular acceleration is proportional to an applied torque, but inversely
proportional to the mass moment of inertia.

equations of motion

I w = d v D
~ ©
) a=(go= (G (2)

OR  gt) = [wvdt = [[aatet )

w(t) = j a(t)dt 4
a(y = LU (5)
M

where,

6, w a = position, velocity and acceleration
‘]M = second mass moment of inertia of the body

T = torque applied to body

Figure5.1 Basic properties of rotation
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Note: A ’'torque’ and’moment’ are equivalent in terms of calculations. The main differ-
ence isthat 'torque’ normally refersto a rotating moment.

Given theinitial state of a rotating mass, find the state 5 seconds later.

¢, = lrad &)0:2%I a = 3rad

ans.  g(b) = 86ra
w(5) = 17%

Figure5.2 Drill problem: Find the position with the given conditions

5.2 MODELING

Free Body Diagrams (FBDs) are required when analyzing rotational systems, as
they were for trandating systems. The force components normally considered in arota-
tional system include,

* inertia - opposes acceleration and deceleration

* springs - resist deflection

* dampers - oppose velocity

* levers - rotate small angles

» gears and belts - change rotational speeds and torques
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5.2.11nertia

When unbalanced torques are applied to amass it will begin to accelerate, in rota-
tion. The sum of applied torquesis equal to the inertia forces shown in Figure 5.3.

}—\‘9’“‘* a ST = Iy (6)

JM = IXX+| @)

IXX = ijdM (8)

A} ! yy = [ ©

Note: The’mass’ moment of inertia will be used when dealing with acceleration of a
mass. Later we will usethe’area’ moment of inertia for torsional springs.

Figure5.3  Summing moments and angular inertia

The mass moment of inertia determines the resistance to acceleration. This can be
calculated using integration, or found in tables. When dealing with rotational acceleration
it isimportant to use the mass moment of inertia, not the area moment of inertia.

The center of rotation for free body rotation will be the centroid. Moment of inertia
values are typically calculated about the centroid. If the object is constrained to rotate
about some point, other than the centroid, the moment of inertia value must be recalcu-
lated. The parallel axis theorem provides the method to shift a moment of inertiafrom a
centroid to an arbitrary center of rotation, as shown in Figure 5.4.
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Jy = Iy +Mr?

where,
JM = mass moment about the new point
J;\/I = mass moment about the center of mass
M = mass of the object

r = distance fromthe centroid to the new point

Figure5.4 Parallel axistheorem for shifting a mass moment of inertia

I, = I+ A

where,
J A = areamoment about the new point
J;\ = area moment about the centroid
A = massof the object

r = distance from the centroid to the new point

Figure5.5  Pardle axistheorem for shifting a area moment of inertia

Aside: If forces do not pass through the center of an object, it will rotate. If the object
is made of a homogeneous material, the area and volume centroids can be used as
the center. If the object is made of different materials then the center of mass should

be used for the center. If the gravity varies over the length of the (very long) object
then the center of gravity should be used.

An example of calculating amass moment of inertiais shown in Figure 5.6. In this
problem the density of the material is calculated for use in the integrals. The integrals are
then developed using slices for the integration element dM. Theintegrals for the moments
about the x and y axes, are then added to give the polar moment of inertia. Thisisthen
shifted from the centroid to the new axis using the parallel axis theorem.
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Therectangular shapeto theright isconstrained to rotate about
point A. The total mass of the object is 10kg. The given 4

dimensions are in meters. Find the mass moment of inertia. ¢ -2|-5

&
| A———

First find the density and cal culate the moments of inertia about -1
the centroid.

_ 10Kg _ —2
p 2(5m)2(4m) 0.125Kgm

4
4 4 3
L, = Lyzdlvl = j_4y2p2(5m)dy = 1.25Kgm_1V§

-4

(4m)°  (—4m)
3 3

3) = 53.33Kgm’
5

0 = 1.25Kgm‘1(

P 2 P2 B xS
lyy = I_SX dMm = I_SX p2(4m)dx = 1Kgm 3

-5

3
(5m) —(_5””)3) - 83.33Kgm’

0 =1Kgm‘1( a a

Ju = L+ 1y, = 5333Kgm” + 83.33Kgm” = 136.67Kgm’
The centroid can now be shifted to the center of rotation using the parallel axistheorem.

3y = Iy +Mr? = 136.67Kgm? + (10Kg)((~2.5m)* + (~1m)?) = 209.2K g’

Figure5.6 ~ Mass moment of inertia example
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Therectangular shapeto theright isconstrained to rotate about A
point A. The total mass of the object is 10kg. The given
dimensions are in meters. Find the mass moment of inertia 4
WITHOUT using the parallel axis theorem. 25
-5 | 5
_ |1
7,
-4
ans. 2
Iy, = 66.33Kgm
Iy, = 145.8Kgm”
Jy = 209.2Kgm’

Figure5.7 Drill problem: Mass moment of inertia calculation
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The 20cm diameter 10 kg cylinder to the left is Sit-
ting in a depression that is effectively friction-
less. If atorque of 10 Nmisapplied for 5
seconds, what will the angular velocity be?

ans. 9(5s) = 312.5rad

w(5s) = 125%J|

Figure5.8  Drill problem: Find the velocity of the rotating shaft

5.2.2 Springs

Twisting arotational spring will produce an opposing torque. Thistorque increases
as the deformation increases. A simple example of a solid rod torsional spring isshownin
Figure 5.9. The angle of rotation is determined by the applied torque, T, the shear modu-
lus, G, the area moment of inertia, J, and the length, L, of the rod. The constant parame-
ters can be lumped into a single spring coefficient similar to that used for trandational

springs.
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L
- S
* )
T = Kg(AB) ©)

T

Note: Remember to use radians for these calculations. In fact you are advised to use
radians for all calculations. Don’t forget to set your calculator to radians also.

Note: This calculation uses the area moment of inertia.

Figure59 A solid torsional spring

The spring constant for atorsional spring will be relatively constant, unless the
material isdeformed outside the linear elastic range, or the geometry of the spring changes
significantly.

When dealing with strength of material properties the area moment of inertiais
required. The calculation for the area moment of inertiais similar to that for the mass
moment of inertia. An example of calculating the area moment of inertiais shown in Fig-
ure 5.10, and based on the previous example in Figure 5.6. The calculations are similar to
those for the mass moments of inertia, except for the formulation of the integration ele-
ments. Note the difference between the mass moment of inertiaand area moment of inertia
for the part. The area moment of inertia can be converted to a mass moment of inertiasim-
ply by multiplying by the density. Also note the units.
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---------------------------A-----H

Note: You may notice that when the area moment of inertia is multiplied by the den-
sity of the material, the mass moment of inertia is the result. Therefore if you have
a table of area moments of inertia, multiplying by density will yield the mass
moment of inertia. Keep track of units when doing this.

r

1 1
1 I 1
1 25 1
| -5 | 5y 1
I Firgt, the area moment of inertia is calculated about the | 1
: centroid by integration. All dimensions arein m. 7 :

w

| 3 4am 3 |
| _dm 2., _ 4dm 2 _ il _ (4m)~ (-4m)

o = [omyoaa = [40 v 2(smydy = 10m 10m( . 426 4
I —4m I
I 3PP 3 I

_(5m 2 . _ (5m 2 — an X _ (5m)” _(=5m)

iy = 75 X0A = j_Smx 2(4m)dx = 8m> Sm( 2 3 666.7i
| 5m |
T =0+l = (4267+6667)m = 1003.4m’ ,
| AT 'xx yy - ( . . )m = Am I
: Next, shift the area moment of inertia from the centroid to the other point of rotation. :
| ~ 2 |
| 4 2 2 I
I O = 10934m + ((4m—-(—-4m))(5m—-(-5m)))((-1m) + (-2.5m) ) I
: o = 1673m4 :
| |
1 2 1
I Note: The basic definitionsfor thearea |y = fy dA (8) I
| moment of inertia are shown to the 2 ©) |
1 right. Iyy = '[X dA 1
| — |
' I = Ixx+|yy (10 '
1 -3 2 1
I JA = JA+ Ar (11) |
| |
1 1
1 1
| |
| |
| |
| |
[ ol

Figure5.10 Areamoment of inertia
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For a 1/2" 1020 steel rod that is 1 yard long, find the torsional spring coefficient.

ans. _ Nm
Ke = 215

Figure5.11  Drill problem: Find the torsional spring coefficient

An example problem with torsional springsis shown in Figure 5.12. There are
three torsional springs between two rotating masses. The right hand spring is anchored
solidly in awall, and will not move. A torqueis applied to the left hand spring. Because
the torsional spring is considered massless the torque will be the same at the other end of
the spring, at mass J;. FBDs are drawn for both of the masses, and forces are summed.
(Note: the similarity in the methods used for torsional, and for translational springs.)
These equations are then rearranged into state variable equations, and finally put in matrix
form.
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)
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Model the system above assuming that the center shaft isa torsional spring, and that a
torqueis applied to the leftmost disk. Leave the resultsin state variable form.

52(91 6,) y/ ZM = T-Kg(0;-6) = Jy, 6,

@

2(92 6,)

_Ks3_

I,

‘JMlel = —Kp01 t K6, + 1

6, = w 1
K K

W, = (JM )e +(JM)92+T 2

1

'/+ DM = —Kgp(0;-61) —Kg38, = JM29.'2

6, (K)o, (K2,

I, M,
8, = w, ©)
—Kss— Ksz) Ks2 4
6, = 0, + )e
) 2 ( ‘]Mz 2 (‘]Mz 1
o _
0
ol * |0
Wy LT
1/16,| |0
ol lwg 1°

Figure5.12 A rotational spring example
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5.2.3 Damping

Rotational damping is normally caused by viscous fluids, such asoils, used for
lubrication. It opposes angular velocity with the relationships shown in Figure 5.13. The
first equation is used for a system with one rotating and one stationary part. The second
equation is used for damping between two rotating parts.

T = Ky

T = Kg(w; —w,)

Figure5.13  The rotational damping equation

If a wheel (Jy,=5kg n?) isturning at 150 rpm and the damping coefficient is INms/rad,
what is the deceleration?

ans.
= —3.141%JI
S

Figure5.14  Drill problem: Find the deceleration

The example in Figure 5.12 is extended to include damping in Figure 5.15. The
primary addition from the previous example is the addition of the damping forces to the
FBDs. In this case the damping coefficients are indicated with 'B’, but 'Kd' could have
also been used. The state equations were developed in matrix form. Visual comparison of
the final matrices in this and the previous example reveal that the damping terms are the
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only addition.

.

Model the system above assuming that the center shaft is a torsional spring, and that a
torqueis applied to the leftmost disk. Leave the resultsin state variable form.

| g

| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
8 M = 1—K_(6,-6,)—B,6, = J, 6 !
I Ks (04, —6,) + s2\91 792 191 M, 1 I
1 . . |
I \' J,01 = —B16; —Kp0; + K8, + 1 I
: 6, = w, (D :

Lo _Bl _Ksz Ksz T
! TK\ @ = (JM)‘*’lJ’(W)elJ’(W)eZJ'JM @1
[ | \ 1 1 1 1 [ |
B8,
| |
| |
: 2 Ksr(6,—6,) ﬂzM = —Ksp(8;-81) =B308,— K38, = J,9; :
—-B —-Kx—K K
1 Y - (—2)g s3 s2 _s2 1
I \' 0, (‘JM) 0, + (—JMZ )62 + (‘JM) 0, I
: 6, = w, 3 :
—-B —K—K K

T JBzez 2 (JM) 2 ( I, ) 2 (JM) 1 I
| ~ _ |
1 0 1 0 o] I
! 9 Ko By Ky 6, 0 !
I - = 0 I I
e B L1 R I VAR VAR Y R B I
1 dtjg, 0 0 0 1|8, (“)"1 '
: W) Ks 0 K=K Byl ]y 0 :
[ ol

Figure5.15 A System Example
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524 L evers

The lever shown in Figure 5.16 can be used to amplify forces or motion. Although
theoretically alever arm could rotate fully, it typically has alimited range of motion. The
amplification is determined by the ratio of arm lengthsto the left and right of the center.

Note: Asthe lever rotates
the length ratio will be
maintained because of
similar triangles. This
allows the lever to work
over a range of angles.
The lever above would
become ineffectiveif it
was vertical.

Note: Thetip deflection can be related to the angle of o, O

rotation of the lever if the angle of rotation is small. 6= d. _ d
1 2

Figure5.16  Force transmission with alevel

Given alever set to lift a 1000 kg rock - if the lever is 2m long and the distance from the
fulcrumto the rock is 10cm, how much force is required to lift it?

ans.
F = 516.3N

Figure5.17  Drill problem: Find the required force
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5.2.5 Gearsand Belts

While levers amplify forces and motions over limited ranges of motion, gears can
rotate indefinitely. Some of the basic gear forms are listed below.

Spur - Round gears with teeth parallél to the rotational axis.

Rack - A straight gear (used with asmall round gear called a pinion).

Helical - Theteeth follow a helix around the rotational axis.

Bevel - The gear has a conical shape, allowing forces to be transmitted at angles.

Gear teeth are carefully designed so that they will mesh smoothly as the gears
rotate. The forces on gears acts at atangential distance from the center of rotation called
the pitch diameter. The ratio of motions and forces through a pair of gearsis proportional
to their radii, as shown in Figure 5.18. The number of teeth on agear is proportional to the
diameter. The gear ratio is used to measure the rel ative rotations of the shafts. For example
agear ratio of 20:1 would mean the input shaft of the gear box would have to rotate 20
times for the output shaft to rotate once.

n _m Ty . m

T, = F_.r T, = —F.r = = =
1 c'1l 2 c'2

K T, 1, m
o _—w, _—a; A8

Vo = 0yf] = —wyr - = = = —1
c 1M1 22
rh w, o, A8, n

where,
n = number of teeth on respective gears
r = radii of respective gears
Fc = force of contact between gear teeth
Vc = tangential velocity of gear teeth
T = torqueson gears

Figure5.18 Basic Gear Relationships

For lower gear ratios a simple gear box with two gears can be constructed. For
higher gear ratios more gears can be added. To do this, compound gear sets are required.
In a compound gear set two or more gears are connected on a single shaft, as shown in
Figure 5.19. In this example the gear ratio on the left is4:1, and the ratio for the set on the
right is4:1. Together they give agear ratio of 16:1.
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N,N
o= 24
N3Ns

= 16

N\

N\

MISIN
\

In this case the output shaft
Output shaft turns 16 times faster
than the input shaft. If
we reversed directions
the output (former input)
would now turn 1/16 of
the input (former out-
put) shaft speed.

A\

A\

Input shaft \

NN
\\

DM

|

N\

Compound gear set

NN
DN

=
N

Figure5.19 A compound gear set

A manual transmission is shown in Figure 5.20. In the transmission the gear ratio
is changed by dliding (left-right) some of the gears to change the sequence of gears trans-
mitting the force. Notice that when in reverse an additional compound gear set is added to
reverse the direction of rotation.
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tionships are shown in Figure 5.21.
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T=Fr V. = wr Al = rABO

where,

r = radius of pinion

F = force of contact between gear teeth

Vc = tangential velocity of gear teeth and velocity of rack
T = torque on pinion

Figure5.21 Relationshipsfor arack and pinion gear set

Belt based systems can be analyzed with methods similar to gears (with the excep-
tion of teeth). A belt wound around a drum will act like arack and pinion gear pair. A belt
around two or more pulleys will act like gears.

A gear train hasan input gear with 20 teeth, a center gear that has 100 teeth, and an
output gear that has 40 teeth. If the input shaft is rotating at 5 rad/sec what is the
rotation speed of the output shaft?

/V

What if the center gear isremoved?

ans.
casel: Gy = 2.5%‘3i
case2: w; = —2.5%JI

Figure5.22  Drill problem: Find the gear speed
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5.2.6 Friction

Friction between rotating components is a major source of inefficiency in
machines. It isthe result of contact surface materials and geometries. Calculating friction
valuesin rotating systems is more difficult than translating systems. Normally rotational
friction will be given as static and kinetic friction torques.

An example problem with rotational friction is shown in Figure 5.23. Basically
these problems require that the model be analyzed asif the friction surface isfixed. If the
friction force exceeds the maximum static friction the mechanism is then analyzed using
the dynamic friction torque. There isfriction between the shaft and the hole in the wall.
Thefriction forceisleft as avariable for the derivation of the state equations. The friction
value must be cal culated using the appropriate state equation. The result of this calculation
and the previous static or dynamic condition is then used to determine the new friction
value.
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Model the system and consider
the static and kinetic friction
forces on the shaft on the right
hand side.

A\

—
~

|

()}

Z

3

6 ﬂ M = T-KB-T; = J8

K8
Jyb = 1-KB-T; 1)

b= w (2

r\\ - m:(T;JF)+(%)e

Next, the torque force must be cal culated, and then used to determine the new torque force.

~
"

Iye = T-KO-T

test

T = T—KB—Jy0 (4)
cases - .
Not slipping previously
Ttests 10Nm TF = Ttest
Tt > 10NM Tz = 6Nm
Sipping previously
Ttest< 6Nm TF = Ttest
Ttest26Nm TF = 6Nm

Figure5.23 A friction system example

Thefriction example in Figure 5.23 can be analyzed using the C programin Figure
5.24. For the purposes of the example some component values are selected and the system
isassumed to be at rest initially. The program loops to integrate the state equations. Each
loop the friction conditions are checked and then used for afirst-order solution to the state
eguations.
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= -=- =3B & S-S - - - - - ---E-_-E-E-E T T - E-E---_--_---a
int main(){
double h=0.1, /* time step */
theta, w, /* the state variables */
acceleration, /* the acceleration */
TF, /* friction force */
Ttest, /* the friction test force */
J=10, /* the moment of inertia (I picked the value) */
tau =5, /* the applied torque (I picked the value) */
Ks=10; /* the spring constant (I picked the value) */
int dip = 0; /* the system starts with no dlip */
FILE *fp;

theta= 0; w = 0;/* theinitial conditions - starting at rest here */
TF=0.0; /* set theinitia frictionto 0.0; */
acceleration = 0.0;/* set theinitial acceleration to zero also */
if( (fp =fopen("out.txt", "w")) I= NULL){/* open afileto write the results */
for(t=0.0;t<10.0; t += h){/* loop */
Ttest = tau - Ks*theta - J*acceleration;
if(dip == 0){ /* not dlipping */
if(Ttest >= 10){
TF=6; dip=1;
} else{
TF = Ttest;
}

} else{ /* dipping */
if(Ttest < 6){ TF = Ttest; dlip=0;
} ese{TF=6;}
}
acceleration = (tau - TF + Ks*theta) / J;
w =w + h* acceleration;
theta=theta+ h* w;
fprintf(fp, "%f, %f, %f\n", t, theta, w);
}
}
fclose(fp);
}

Figure5.24 A C program for the friction example in Figure 5.23
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5.2.7 Permanent Magnet Electric Motors

DC motors create a torque between the rotor (inside) and stator (outside) that is
related to the applied voltage or current. In a permanent magnet motor there are magnets
mounted on the stator, while the rotor consists of wound coils. When avoltage is applied
to the coils the motor will accelerate. The differential equation for a motor is shown in
Figure 5.25, and will be derived in a later chapter. The value of the constant 'K’ isafunc-
tion of the motor design and will remain fixed. The value of the coil resistance’R’ can be
directly measured from the motor. The moment of inertia’ J should include the motor
shaft, but when aload is added this should be added to the value of ' J .

(g olfF) = v T
where,

w = theangular velocity of the motor

K = the motor speed constant

JM = the moment of inertia of the motor and attached loads
R = theresistance of the motor coils

TI oad = atorque applied to a motor shaft

Figure5.25 Model of a permanent magnet DC motor

The speed response of a permanent magnet DC motor isfirst-order. The steady-
state velocity will be a straight line function of the torque applied to the motor, as shown
in Figure 5.26. In addition the line shifts outwards as the voltage applied to the motor
increases.

-y

) voltage/current increases

Figure5.26  Torgue speed curve for a permanent magnet DC motor



rotation - 5.23

5.30THER TOPICS

The energy and power relationships for rotational components are given in Figure
5.27. These can be useful when designing a system that will store and release energy.

E=E«+Ep ()
Eq = Jyo (6)
E, = T6 (7)
P=Tw 8

Figure5.27 Energy and power relations for rotation

Note: The units for various coefficient! units
rotationa quantities are N
listed to the right. They may K —
be used to check equations rad
by doing a unit balance. The K. B Nms
unit "rad’ should be ignored o rad

as it appears/disappears spo-
radically. Iu Kgm

5.4 DESIGN CASE

A large machine is to be driven by a permanent magnet electric motor. A 20:1 gear
box is used to reduce the speed and increase the torque of the motor. The motor drives a
10000kg mass in tranglation through arack and pinion gear set. The pinion has a pitch
diameter of 6 inches. A 10 foot long shaft is required between the gear box and the rack
and pinion set. The mass moves on rails with static and dynamic coefficients of friction of
0.2 and 0.1 respectively. We want to select a shaft diameter that will keep the system criti-
cally damped when avoltage step input of 20V is applied to the motor.
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To begin the analysis the velocity curve in Figure 5.28 was obtained experimen-
tally by applying avoltage of 15V to the motor with no load attached. In addition theresis-
tance of the motor coils was measured and found to be 40 ohms. The steady-state speed
and time constant were used to determine the constants for the motor.

rpm

W, = V550.3V_1s_2r ad— (,OmZS_l - 50505K9_1m_2T| oad 2

| |
| A |
| / 1
| |
1 R = 40Q 1
| |
| |
| - |
| |
| 0.5s |
| 2 T 1
d) K ( K load
— + — = —_— —————————
; (dt Om wm(JMRj VR Ty ;
| The steady-state velocity can be used to find the value of K. |
| |
1 (0)+(24oor°t (K j 15v( R) (0) !
1 JuR |
I rot 1min27ra _ I
I (2400min 60s 1rot ) = 1BV I
| |
| K= —Y — = 308x10°% I
I 1201t ads rad I
| The time constant can be used to find the remaining parameters. |
| |
2
I K1 |
I JuR ~ 05s I
| _ 2 |
| (30.8x 102 |
ra -4 -6 2
1 J = =) = 0.198005x10 * = 19.8 x 10 "Kgm |
I (40Q)(2s ) I
I d -1 -1 -2 Tioad I
I (d—t)com+wm25 = V4(50.3V s “rad) — 2 .
. 19.8 x 10 "Kgm '
1 0'=w 1 1
| m m 1) |
| |
| |
[ ol
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Figure5.28 Motor speed curve and the derived differential equation

The remaining equations describing the system are developed in Figure 5.29.
These calculations are done with the assumption that the inertial effects of the gears and
other components are insignificant.
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The long shaft must now be analyzed. Thiswill require that angles at both ends be
defined, and the shaft be considered as a spring.

Oyearr Wyear = a@ngular position and velocity of the shaft at the gear box

6,

pinion’ wpinion

1 1
egear = z)em Wgear = Eéwm

= angular position and velocity of the shaft at the pinion

Tshaft = Ks(e 0

gear pinion)

The rotation of the pinion is related to the displacement of the rack through the circum-
ferential travel. Thisratio can also be used to find the force applied to the mass.

Xmass — epinionT[6in
6in
Tohatt = Fmass(?)
6in
Ks(egear_epinion) = Fmass(?)

ZFmass - I:mass - Ivlmassxmass

Ko(Ogear —Bpinion) |
S geaéin pinion/ _ MmassépinionT[Gln
)
— 6. -2, -1
epinion - (egear_epinion)1-768>< 10 “in Kg Ks
- 1 6 -2, -1 (0.0254in)2
Opinion = (z)em_epinion) 1.768 x 10 "in “Kg KS(W)
" 1 9\ 2, -1
eplnlon = (Eem—eplmon)(ll4lx 10 )m Kg KS
epiélion = Wyinion (3)
Wyinion = 57.1x 107 m °Kg " 'KsB,~ 1.141 x 10 m 'Kg KsBynign (4

Figure5.29 Additional equationsto model the machine

If the gear box is assumed to have relatively small moment of inertia, then we can
say that the torque load on the motor is equal to the torque in the shaft. This then alows
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the equation for the motor shaft to be put into a useful form, as shown in Figure 5.30. Hav-
ing this differential equation now allows the numerical analysisto proceed. The analysis
involvesiteratively solving the equations and determining the point at which the system
begins to overshoot, indicating critical damping.

| The Tload termis eliminated from equation (2) |
, Gy = V503V s Zrad - 00,25 " ~50805Kg ™M 2K (8 ear — Bpinion) ,
| : 1 - _ 1 - I
I W, = V.50.3V 's 2rad—mst 1—50505Kg 'm ZKS(Z%Gm—Gpi nion) I
! - -1 -2 -1 -2 !
| Wy, = (Vs90.3V 7s “rad) + 8,,i,(50505Kg "m “K) |
| _ 1 - |
. + 0(—25 ) +8,,(—2525Kg " m °K)
1 The state equations can then be put in matrix formfor clarity. The unitswill be elimi- 1
: nated for brevity, but acknowledging that they are consistent. :
| i 0 ] r Il 0 ] |
I m 0 1 0 0 m 0 I
I d| o, | _ —2525K, -2 50505K 0| o, . | V503 I
: dt epi nion 0 0 0 1 epinion :
| pinion|  [57.1%x107°Ks 0 —1.141 x 10 Ks 0] | Wyinion| 0 |
I The state equations for the system are then analyzed using a computer for the parame- |
I ters below to find the Ks value that gives a response that approximates critical I
I damping for a step input from 0 to 10V. I
| |
| |
I Ks Overshoot I
I (rad/Nm) | (rad) I
| |
I 100 I
| |
| |
| |
| |
| |
| |
L Il BN BN BN B I BN B BN B B B B B B BN B B B B B B D B B B B B B B B . ‘

Figure5.30 Numerica analysis of system response

These results indicate that a spring value of XXX isrequired to have the system
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behave asif it is critically damped. (Note: Clearly this system is not second order, but in
the absence of another characteristics we approximate it as second order.)

5.5SUMMARY

* The basic equations of motion were discussed.

» Mass and area moment of inertia are used for inertia and springs.
* Rotational dampers and springs.

* A design case was presented.

5.6 PRACTICE PROBLEMS

1. Draw the FBDs and write the differential equations for the mechanism below. The right most
shaft isfixed in awall.
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2. For the system pictured below @) write the differential equations (assume small angular deflec-
tions) and b) put the equations in state variable form.

7

A lever aam hasaforceon
K one side, and a spring
‘ R, ‘ R, el Tl damper combination
- > > on the other sidewith a
(I - J ° ) T suspended mass.
7 *2
F Ks1

M1 |y x,

3. Draw the FBDs and write the differential equations for the mechanism below.

X2 Ml

4. The system below consists of two masses hanging by a cable over mass‘J . Thereisaspringin
the cable near M2. The cable doesn’'t slipon*J.
a) Derive the differential equations for the following system.
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b) Convert the differential equations to state variable equations

‘ Ksz

Ma

T

5. Write the state equations for the system to relate the applied force’F' to the displacement 'x’.
Note that the rotating mass also experiences arotational damping force indicated with Kdl

Kdl

V-

6. For the system pictured below a) write the differential equations (assume small angular deflec-
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tions) and b) put the equations in state variable form.

A round drum with adlot. The ot
drivesalever arm with a sus-
pended mass. A forceisapplied
to a belt over the drum.

¥y

7. For the system pictured below a) write the differential equations (assume small angular deflec-
tions) and b) put the equations in state variable form.

Two gears with fixed
centers of rotation
and lever arms.

8. For the system pictured below &) write the differential equations (assume small angular deflec-
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tions) and b) put the equations in state variable form.

Ka1 A mass slides on a plane with
""”HHH dry kinetic friction (0.3). It
is connected to around
mass that rolls and does
not dip.
X1
Ke
X2
0, ’ 0,
F>

9. For the system pictured below a) write the differential equations (assume small angular deflec-
tions) and b) put the equationsin state variable form.

>
Kd3 Ks3
A pulley system has the bot-
tom pulley anchored. A
M3

massis hung in the middle
of the arrangement with X3
springs and dampers on

either side. Assume that
the cable is always tight. K A F1
R2,J2,M
x2;
E 01
R1,J1 ]
4

10. For the system pictured below &) write the differential equations (assume small angular
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deflections) and b) put the equations in state variable form.

M1
* x1
Kd1'T'
Ksl
R1 - -l R2 -
)
7 * X2
A massis suspended over a Kd2 Ks2

lever arm. Forces are
applied to thelower side of
the moment arm through a *
spring damper pair. F x3

11. For the system pictured below a) write the differential equations (assume small angular deflec-
tions) and b) put the equations in state variable form.

Two gearshave aforceon
one side, and a mass
on the other, both sus-
pended from moment
arms. Thereisarota-
tional damping on one
of the gears.

Ml ;Xl

12. Find the polar moments of inertia of area and mass for around cross section with known
radius and mass per unit area. How are they related?

13. Therotational spring is connected between amass ‘J, and the wall whereitisrigidly held.
The mass has an applied torque ‘ T’, and also experiences damping ‘B’.
a) Derive the differential equation for the rotational system shown.
b) Put the equation in state variable form (using variables) and then plot the posi-
tion (not velocity) asafunction of timefor thefirst 5 seconds with your calcula-
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tor using the parameters below. Assume the system starts at rest.

_ 2aNm _ .+Nms
Ks = 10rad B = rad

Jy = IKgm® T

1I0Nm

c) A differential equation for the rotating mass with a spring and damper is given
below. Solve the differential equation to get afunction of time. Assume the sys-
tem starts at rest.

8"+ (10 + (10s2)8 = 105

14. Find the response as a function of time (i.e. solve the differential equation to get a function of
time.). Assume the system starts undeflected and at rest.

T = 10Nm

JleKgm2
_ oNs

Kd—3m
- oN

K = o
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5.7 PRACTICE PROBLEM SOLUTIONS

T/' Ksl(el—ez)/'
/Zs (8,-9,)
T Ksze&>

+\' SM; = T—Ky(6,-8,) = 3.6

. K —K T
e + 9 (—81) + e (—51) - —_—
179 I, 2 I, In,

6.06(2) o255 o (T - o

s
=
I
s
=
1
<=
[l wn
N
+
s
N
N
Hz|ﬂ
N—
+
«
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P

Ml
‘ gM; T Tz
! _ X
if TLT2Kdx1>0 ©1 = R, 0, R,

+\‘ Y My = -TiR +THR; = _‘]Mlenz
. TR —-THRy
2~ I,

ﬂ > M, = TR, ~RoKx; = _‘JMze"l

. . RK T,R

Iu,
6 equations, 6 unknowns

2

KgX1

Ty = Kg(X2—%9)
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BK, T Ks(X, — OR)
a) ‘\ ’ A i 2

| |
RT
\; 4/ My M,

RK (%, - OR) L |
F¢ #Mlg ‘Mzg

: if(T <0) T=0
D> Fuy = T-Mg-F = -Myx;

T=-MX;+M;g+F = M;R8+M,g+F
ZMJ = —RT—9K51+RK82(X2_9R) — JMQ
_R(Mlg+F)—G(Ksl+R2|<32)+(RK32)X2 = (JM+R2M1)G

0+ 6(—K51 ’ RZKSZ] +X ( —RKs ] _ -RMyg+F)
1

2 2 2 (1)
Iyt R'M; JytR'M Iy + R°M,

> Fuz = Kealxp=BR) =Myg = —Mjx;

. K —-RK

X+X(_SZ)+9( sZ)zg ,

2 TAM, Mo (2
0=w

2

. -Ki—RK RK -RM,g-RF

JutR'M; Iyt R M, Jy+R°M,;
X, =V,

o= o) )

if(T>=0) RB = —x;
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0=w
2
o= 0 “Ka—rKe +w(_Kd1) (Kszr) LFEr
Im Ium S VRV
X =V
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0 92/’7{ . ) Kdl()(.l _X'3)
' RoK g1 (X1 —X3)
F.R
1

1Ry \' TKsl(xl—x3)
v/ @ 325, A
N M
‘]M19"1\\> A/'[ TN—2 / 3

RoKg1 (%) —X3) ? ‘
M3X;

_ X%
Xy = Vg
=3 ) o) o550
1 1 M3 1 M3 2 M3 1 M3
0, = w,

-N
2 2 2
V1(RoKgq) + X1 (RoKgp) + 00p(-RoK ) + 81 (-RoKgp) + F(N_l Rl)
2
2
Imi + w2
1
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Ka1X1
Ks1Xg

&‘Xl
Xq

HN—=
M ¢ Kt
N = Mlgcos(93)\‘

M,gsin(B3)
Xy =V,
2 2 2 2 2 2
_ RIRS(— K —Kgs) R1RK, R1R;(2F; + M,0)
Vo = X3 2 2 2.2 X 2 2 2.2 +
4J,R; + J,R] + RiIRO,M 4J,R; + J,R] + RiRoM

43,R5+ RS + REROM,

. -K -Ky, =K K
e R

M, M



10.

11.

12.
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state equations X, =V
. R1+R2)
vy = Fl( RM
=) ol i
Ka K Ka1
Ks RiKs1 R+ R,
= (1) im ) R,
K Kdl(Rl + RZ) Rlel
i R, +R
output equations — (v _ ( 1 2)
X; = (X, —P) )
X3 = —q+X,
X1 =V
; Ka RoKsiNg
v :x( S)+e(—)+g
0, = w
2 2 2 2
o = x| PelaNaNa ) o f KaaNg ) o ZReKalNy ) o PRy
PN+ NS TN NS N+ N 0 N+ 0N
1N TNy 1N TNy 1N T Yoy 1N2 T JolNg
For area R R R I
Jarea jr dA = J-r (2rrdr) = 2T[J-I’ dr = ZHZ = -
0 0 0 0
For mass. o, - M_ M
A R
R R R 4R )
Jrmass = J-I’ dM = .[I’ (p2mrdr) = 2T[pJ-I' dr = 2T[p— = p(T[RA) = %
4o
0 0 0

The mass moment can be found by multiplying the area moment by the area density.
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13.

b)

w

/: >M = T-KH-BO = J0

Juo+BO+KO =T
=1
‘JM

S

B
6+6 +9leI

Iy
T

K
-1 s B
Im

vy  Iv
Nm

1056|

Nms
rad
w

1Kgm2
)

106 s
rad rad

)

10Nm
2 2
1Kgm~ 1Kgm
Nm

Kgmz(lo

()

0-—

106 s
rad rad

(10

_ 1086 s
rad

2

)

2

rad



(c

14.
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homogeneous:
B+ (1s 0+ (10s9)0 = 0

. . ) At
guess: g = M 6, = Ae" 6, = A%

At _ _
A%+ (1s HAeM + (10sH)eM = 0

-1 -1,2 -2
A2+ (1sHA+10s2 = 0 A = —is + J(1s™)’ - a1) (1057

1 -2 =2
A = 1S + /157~ 4052 = (-05+j3.123)s "

2(1)

-1
6, = C,e > 'cos(3.123s 't + C,)

particular:
" ~1\ Ar 2 A _ -2
0"+ (1s )6+ (10s 7)6 = 10s
ep = A ep =0 ep =0
(0) + (1s1)(0) + (10s %)(A) = 10s > A
ep =1
Initial conditions:

guess:

-1
6(t) = C,e > ‘cos(3.123s t+C,) +1

0(0) = C,e > %c0s(3.1235 70+ C,)+1 = 0

C,cos(C,)+1 =0

-1

0'(t) = —0.55 "C16 " 'cos(3.1235 't + C,) —3.1235 'C,e
0'(0) = —0.55_1C1(1)cos(C2)—3.1233_1C1(1)sin(C2) =0

—0.5c0s(C,) —3.123sin(C,) = 0
sin(C,) _ —05

_ _ C, = ~0.159
cos(C,) ~ 3.123 an(C2) ’

1
C,C08(-0.159) + 1 = 0 €17 Sos(-0.159)

B(t) = —1.013e " 'cos(3.123s 1t —0.159) + 1

o(t) = %Q+(—1.283)e_1'5tcos(%7t—0.524)

-05s*

2(1)

'sin(3.123s 't + C,)

= -1.013
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5.8 ASSIGNMENT PROBLEMS

1. for the system pictured below a) write the differential equations (assume small angular deflec-
tions) and b) put the equations in state variable form.

R2
2
N2 M1
D)
x1
2 *
_J T Two gears have levers attached. On one
side isamass, the other side a spring
damper pair. A torqueis applied to

one gear. Assume the massremainsin
contact with the lever.

2. Draw FBDs for the following mechanical system containing two gears.
Y
Ksl
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3. Draw FBDs for the following mechanical system. Consider both friction cases.

T

7 Ks1
W\ \

IR
X ;
M

p'sl “k

4. Draw FBDs for the following mechanical system.

5. Develop adifferential equation of motion for the system below assuming that the cable always
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remains tight.

6. Analyze the system pictured below assuming the rope remainstight.

E JR

ﬁ% F = 10N
— _ N
”Hlllh M, = 1kg Kg = 100@
K M, = 1kg Ke, = 100—
sl ‘ y 2 s2 m
Kz k=0.2 R = 0.1m Ky = 50%S
0=45 |\/|2 J = 10Kgm Kd2 — 50E

K
KSZ dz

2

a) Draw FBDs and write the differential equations for the individual masses.

b) Combine the equations in input-output form with y as the output and F as the
input.

d) Write the equationsin state variable matrix form.

¢) Use Runge-K utta to find the system state after 1 second.
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7. Analyze the system pictured below assuming the rope remainstight.

m IR
F = 10N
M, = lkg Ky = 1008 N N

M, = 1kg K, = 1002 . JR
R = 0.1m Ky = 50%S @ ? y
J = 10Kgm’ K, = 5ON_n;S
M1 Mo

a) Draw FBDs and write the differential equations for the individual masses.

b) Combine the equations in input-output form with y as the output and F as the
input.

c) Write the equations in state variable matrix form.

d) Use Runge-Kutta to find the system state after 1 second.
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