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11. ROOT LOCUSANALYSIS

Topics:
* Root-locus plots

Objectives:
* To be able to predict and control system stability.

11.1INTRODUCTION

The system can also be checked for general stability when controller parameters
are varied using root-locus plots.

11.2 ROOT-LOCUSANALYSIS

In aengineered system we may typically have one or more design parameters,
adjustments, or user settings. It isimportant to determineif any of these will make the sys-
tem unstable. Thisis generally undesirable and possibly unsafe. For example, think of a
washing machine that vibrates so much that it ‘walks across afloor, or ahigh speed air-
craft that fails due to resonant vibrations. Root-locus plots are used to plot the system roots
over the range of avariable to determineif the system will become unstable, or oscillate.

Recall the general solution to a homogeneous differential equation. Complex roots
will resultin asinusoidal oscillation. If the roots are real the result will be e-to-the-t terms.
If the real roots are negative then the terms will tend to decay to zero and be stable, while
positive roots will result in terms that grow exponentially and become unstable. Consider
the roots of a second-order homogeneous differential equation, as shown in Figure 11.1 to
Figure 11.7. These roots are shown on the complex planes on the | eft, and a time response
isshown to theright. Notice that in these figures (negative real) roots on the left hand side
of the complex plane cause the response to decrease while roots on the right hand side
causeit to increase. Theruleisthat any roots on the right hand side of the plane make a
system unstable. Also note that the complex roots cause some amount of oscillation.



root locus- 11.2

R=-A-B
] x(t
1 ()A
X0
2 > X
>sigma
>t
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Figure11.2  Complex roots make a system oscillate
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Figure11.3  Negative real and complex roots cause decaying oscillation
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Figure11.4 More negative real and complex roots cause afaster decaying oscillation
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Figure11.6  Positive real roots cause exponential growth and are unstable
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Figure11.7  Complex roots with positive real parts have growing oscillations and are
unstable

Next, recall that the denominator of atransfer function is the homogeneous equa-
tion. By analyzing the function in the denominator of atransfer function the general sys-
tem response can be found. An example of root-locus analysis for a mass-spring-damper
systemisgivenin Figure 11.8. In this example the transfer function is found and the roots
of the equation are written with the quadratic equation. At this point there are three
unspecified values that can be manipulated to change the roots. The mass and damper val-
ues are fixed, and the spring value will be varied. The range of values for the spring coef-
ficient should be determined by practical and design limitations. For example, the spring
coefficient should not be zero or negative.
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Figure11.8 A mass-spring-damper system equation

The roots of the equation can then be plotted to provide aroot locus diagram.
These will show how the values of the roots change as the design parameter isvaried. If
any of these roots pass into the right hand plane we will know that the system is unstable.
In addition complex roots will indicate oscillation.
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Figure11.9  Drill problem: Plot the calculated roots on the axes above

A feedback controller with a variable control function gain is shown in Figure
11.10. The variable gain 'K’ necessitates the evaluation of controller stability over the
range of operating values. This analysis begins by developing atransfer function for the
overall system. The root of the denominator is then calculated and plotted for arange of
'K’ values. Inthis case all of the roots are on the left side of the plane, so the system is sta-
ble and doesn’t oscillate. Keep in mind that gain values near zero put the control system
close to the right hand plane. In real termsthiswill mean that the controller becomes unre-
sponsive, and the system can go where it pleases. It would be advisable to keep the system
gain greater than zero to avoid this region.
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Note: This controller has adjustable gain. After this
design is built we must anticipate that all values of K
will be used. It is our responsibility to make sure that
none of the possible K values will lead to instability.

~
EK4>[—1) >

G(D)

G(D) = g H(D) = 1

First, we must develop a transfer function for the entire control system.

S

Gs(D) =

D+K=0 K

1+G(D)H(D) _ 1+(

Next, we use the characteristic equation of the denominator to find theroots as
the value of K varies. These can then be plotted on a complex plane. Note:
the value of gain 'K’ is normally found from O to +infinity.
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Note: This systemwill always be stable because all of the roots for all values of K are
negative real, and it will always have a damped response. Also, larger values of K,
make the system more stable.
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Figure 11.10 Root-locus analysisin controller design
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Aside: Scilab can be used to draw root locus plots for systems of the form below, where
thereisa simple gain, K, multiplying the openloop gain, G(s).

i
D

G(D) = [—1) H(D) = 1

First, we must multiply G and H
1 1
GeH(s) = (2)@) = 2

The numerator and denominator of this equation are then defined and plotted
using the’evans' function.

D = poly(0, 'D’); /I define the differential operator
n = real(1.0); // define the numerator of GH

d =real(D); // define the denominator of GH
evans(n, d, 100); // plot for gains from K=0 to 100

Figure11.11 Root-locus plotting in Scilab
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Given the system elements (assume a negative feedback controller),

G(D) = 5———  H(D) =1
D?+3D +2

Firgt, find the characteristic equation,. and an equation for the roots,

1+ (LZ) (1) = 0 | Note: For anegative feedback
>+3D+

controller the denominator is,

D
1+ G(D)H(D
D°+3D+2+K =0 (PIH()
roots = —°% “9;4(2”() = —1.51—“154K
Next, find values for the roots and plot the values,
K roots .
JCOA
0
1
2
3
o
>

Figure11.12 Drill problem: Complete the root-locus analysis
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K(D +5)
D(D?+4D + 8)

G(D)H(D) =

Figure 11.13 Drill problem: Draw aroot locus plot

11.3 SUMMARY

* Root-locus plots show the roots of atransfer function denominator to determine
stability
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11.4 PRACTICE PROBLEMS

1. Draw the root locus diagram for the system below. specify all points and values.

M 3.0 i [ L
: —P (D+1)2 '

K4D

2. The block diagram below isfor amotor position control system. The system has a proportional
controller with avariable gain K.

0 V. w 0
4yl 2 K L's| 10 |9 1 "
D+2 D
2 g

a) Simplify the block diagram to asingle transfer function.

b) Draw the Root-Locus diagram for the system (as K varies). Use either the
approximate or exact techniques.

c) Select aK value that will result in an overall damping coefficient of 1. State if
the Root-L ocus diagram shows that the system is stable for the chosen K.

3. Given the system transfer function below.

8 _ 20K
8 D2+D+20K

a) Draw the root locus diagram and state what values of K are acceptable.

b) Select again value for K that has either a damping factor of 0.707 or a natura
frequency of 3 rad/sec.

¢) Given again of K=10 find the steady-state response to an input step of 1 rad.

d) Given again of K=0.01 find the response of the system to an input step of
0.1rad.
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4. A feedback control system is shown below. The system incorporates a PID controller. The
closed loop transfer function is given.

X +
—

Kp

w

Ki —
+B+KdD

O
+
©

Y
>

4 I ——

Y _ _ D’(3Kg) +D(3K,) + (3K))
X' D?(12Kq+ 1) + D(9+ 12K,) + (12K;)

a) Verify the close loop controller function given.

b) Draw aroot locus plot for the controller if Kp=1 and Ki=1. Identify any values
of Kd that would |eave the system unstable.

c) Draw a Bode plot for the feedback system if Kd=Kp=Ki=1.

d) Select controller values that will result in anatural frequency of 2 rad/sec and
damping coefficient of 0.5. Verify that the controller will be stable.

e) For the parameters found in the last step can the initial values be found?

f) If the values of Kd=1 and Ki=Kp=0, find the response to a unit ramp input as a
function of time.

5. Draw aroot locus plot for the control system below and determine acceptable values of K,
including critical points.

X

001 |

K(5+[—1)+D) | .

+ 0.1 Y
D? + 10D + 100 >

100 W 1
D+100 —® D >
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a) Find the transfer function for the system.
b) Draw aroot locus diagram for the variable parameter ‘P'.
¢) Find the response of the system in to a unit step input using explicit integration.
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11.5 PRACTICE PROBLEM SOLUTIONS

3.0

3.0

(D + 1)2+ K4D

3.0
D”+D(Ky+2) +4.0

D*+D(Ky+2)+4.0 = 0

Kd roots

0 -1 +/- 1.732]

1 -1.5 +/- 1.323]

2 -2.000, -2.000

5 -0.628, -6.372

10 -0.343, -11.657

100 -0.039, -102.0

1000 -0.004, -1000
A

| —Kg-2# J(Ky+2)°—4(40)

2
Kd—Bt JK2+ 4K, — 12>
)

Critical points: (thisis ssmple for a quadratic)
The roots becomes positive when

0>—Ky—2+ /K5 + 4K — 12

2+ K>+, [KS+ 4K — 12

16>0

0>—Ky— Ky>—2

The roots becomes complex when
0>K;+4K —12

K. = 4t J16-4(-12) Ky=-62
d ™~ 2

Gainslarger than -2 will result in astable system. Any gains
between -4 and -2 will result in oscillations.




b)

c)
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— 2+ /4 —4(200K) = —1+./1-200K
> +

200K
D2 + 2D + 200K
roots =

K roots

0 0,-2
0.001 | -0.1-1.9
0.005 | -1-1
0.1 etc.

1

5

10

AlIm

Re

D?+2D+200K = D*+2{w D+w; Hw,=1

From the root locus graph thisvalue is critically stable.

UK = 0.005
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4  D*+D+20K =0
D = —1£~1-4(20K)  For complex roots

2 1
1-80K<0 K>
K roots For negative real roots (stable)
— + /1 —
0 0.000, -1.000 1 ; 80K <o
1/80 | -0.500, -0.500
1 -0.5 +/- 4.444; + T_80K < >
10 -0.5 +/- 14.13] /1 -80K <1 >0
1000 | -0.5+/- 141.4j A

b) Matching the second order forms,
2w, = 1 W’ = 20K
The gain can only be used for the natural frequency
K = 20_20, 2.22

2
n

2

() 3
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6o _ 20(10)
9  D?+D +20(10)
0, + 64+ 64200 = 2006,

Homogeneous:
AZ+A+200 = 0
A = -1+ ./1-4(200) = —05+14.1j
2
B,(t) = C,e>™sin(14.1t + C,)
Particular:
0=A
0+ 0+ A200 = 200(1rad) A = 1rad
B,(t) = 1rad

Initial Conditions (assume at rest):

6,(t) = C,e>™sin(14.1t + C,) + 1rad

8,(0) = C4(1)sin(14.1(0) +C,) + 1rad = 0
C,sin(C,) = —1rad 1

o' (t) = —05C,e >'sin(14.1t + C,) — 14.1C,e > cos(14.1t + C,)

0 = -0.5C;sin(C,) —14.1C, cos(C,)
14.1cos(C,) = -0.5sin(C,)

14.1
c, = —xrad - _=lrad ) gq05q

sin(C,)  sin(-1.54)

—0.5t

6,(t) = (€ *'sin(14.1t— 1.54) + 1)(rad)



d)
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6o _ 20(0.01)
9  D?+D+20(0.01)
0, +64+640.2 = 0.28,

Homogeneous:

A2+A+02 =0

A = —1%J1-4(02) A = —0.7236068, —0.2763932
2
eo(t) - Cle—0.724t+ Cze—0.276t
Particular:
0 =A
0+0+A0.2 = 0.2(1rad) A = 1rad
B,(t) = 1rad
Initial Conditions (assume at rest):
0,(t) = Cle-o.724t + Cze—0.276t +1rad
90(0) - Cle—0.724t+ Cze—0.276t+ 1rad = 0
C,+C, = -1rad 1)
o' (t) = —0.724(C,e >"**") —0.276(C,e **™
C, = -0.381C,
-0.381C, +C, = —1rad C, = -1.616rad
C, = -0.381(-1.616rad) = 0.616rad
6,(t) = (0.616)e *"** + (-1.616)e >*™" + 1rad
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s x4 K,D + K, + KD’ 3| Y
g QT > D “D+o [
4 -
X + 2 Y
o 3K,D + 3K + 3K4D
|
) T D(D+9)
4 -
X 2 Y
3K,D + 3K, + 3K,D
- p i -
D(D +9) + 12K D + 12K + 12K D*
X 3K, D + 3K, + 3K D* v
> p i -
D(12Ky + 1) + D(9+ 12K,) + (12K))




b)
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D?(12Kq+ 1) + D(9 + 12K,) + (12K;) = 0

o T9-12K, J(9+12K)? — 4(12K ; + 1) 12K,
B 2(12K 4+ 1)
Kd roots A
-100 -0.092, 0.109
-10 -0.241, 0.418
-1 -0.46, 2.369
-0.1 -0.57, 105.6 - -
0 -0.588, -20.41
1 -0.808 +/- 0.52]
10 -0.087 +/- 0.303]
100 -0.0087 +/- 0.1
Stablefor,

2
~9-12K, + j(g +12K )%~ 4(12K4 + 1) 12K < 0

s J(9+ 12K,)° — 4(12Kq + 1)12K; < 9 + 12K,
(9+ 12K )? —4(12K 4 + 1)12K; < (9 + 12K )°

—4(12K 4 + 1)12K; <0

-1

>
Kg 12

Becomes complex at,

0> (9+ 12K)" ~ 4(12K4 + 1) 12K,
576K4K; > (9 + 12K,)” - 48K

(9+ 12K ) - 48K,
>
d 576K 4K;

Kq > 0.682



root locus - 11.21

2
3K,D + 3K; + 3K4D

D*(12K,+1) + D(9 + 12K,) + (12K,)
Y _ _3D°+3D+3 =(_3é)( D2+D+1 J
X p%13+D21+12 13\ p%+D1615+0.92

final gain = 20Iog(1—33) = -12.7

Y
X

initial gain = 20|og(1% - _120

for the numerator,
1
1=1 = — =05
/1 §= 3070

Wy = W1-8> = J1-05° = 0.866

for the denominator,

Wy,

J0923 = 0961 & = 2815 _ ga0

-12dB

“h = 2w,
Wy = W 1-& = 0.961,/1-0.840> = 0521
A ,
/
/
/
/
/
\ f
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2
_ 3K,D + 3K, +3KyD
D?(12K4 + 1) + D(9 + 12K ) + (12K))

Y
X

12K,
W, = | = 2 12K, = 48K +4
12K, + 1
9+ 12K

= =
28w, —912Kd 2 = 205(2)

24Ky = 7+ 12K,
At this point there are two equations and two unknowns, one value
must be selected to continue, therefore,

Kp =10

Ky = 5.292

24Ky = 7+12K, = 7+12(10) = 127

48(5.292) +4 = 2580 K, = 215

12K, = 48K+ 4

Now to check for stability
D2(12(5.292) +1)+D(9+12(10)) +(12(21.5)) = 0

64.504D% + 129D + 258 = 0

129+ J129°_ 4(645)258 _ .
D = o5 = _1+1.73]
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€) Cannot be found without an assumed input and initial conditions

) Y _ 3(0)D + 3(0) + 3(1)D?
X D%(12(1) + 1) + D(9 + 12(0)) + (12(0))

2

_ 3D

Y__3
X 13D%+9D

Y(13D%+9D) = X(3D?)

Y13 +Y9 = X3 X =t X =1 X =
+Y—= =
Y Y13 0
Itisafirst order system,
9
—=t
Y(t) = Ce ® +C,
Y(0) =0 Y() =0 starts at rest/undeflected
0=C;1+C, C, = -C,
9 . 1
13
Y(t) = —
(© 1301e
-9 C,=0
0= 13011 1

@)
N
1

0 Nno response
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0.1

1 +
K@+—+@
D ’Q_’ D2+ 10D + 100

T

001 |

0.1

|<§D+1+D3
D

D2+10D+100+01(

3

001 |

K(0.5D + 0.1+ 0.1D?)
D3+ 10D% + 100D + 1

001 |

i

K(0.5D + 0.1 +0.1D%)

D>+ 10D? + 100D + 1 + 0.01(K(0.5D + 0.1 + 0.1D%))

K(0.5D + 0.1 +0.1D%)

D3+ D2(10 + 0.001K) + D(100 + 0.005K) + (1 + 0.001K)
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Given the homogeneous equation for the system,
D>+ D?(10 + 0.001K) + D(100 + 0.005K) + (1 + 0.001K) = 0

The roots can be found with a calculator, Mathcad, or equivalent.

K roots notes
-100,000 94.3, -3.992, -0.263
-1000 0, -4.5+/-8.65j roots become negative
-10 -0.0099, -4.99+/-8.66
0 -0.01, -4.995+/-8.657]
10 -0.01, -5+/-8.66
1000 -0.019, -5.49+/-8.64j
17165.12 -0.099, -13.52, -13.546 roots become real
100,000 -0.0174, -104.3, -5.572
6.
2 6 _ _ D’(100) + D(100P) + (100)
Va D%+ D?(300) + D(200P) + (200)
b)
c)

11.6 ASSIGNMENT PROBLEMS

1. The systems below have a variable spring coefficient. For each of the systems below,
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a) Write the differential equation and convert it to atransfer function.
Z
%

Kdl=1Ns/m Kd=1Ns/m |i?|

Ksl

b) If the input forceis a step function of magnitude 1N, calculate the time response
for 'y’ by solving a differential equation for a Ks value of 10N/m.

c) Draw the polesfor the transfer function on a real-complex plane.

d) Draw aBode plot for Ks= 1N/m.

2. Draw aroot locus diagram for the feedback system below given the variable parameter ‘P'.

100 w
P | » D + 100 ——

Ol
Y

3. For the transfer functions below, draw the root locus plots assuming there is unity feedback,
i.e,, H(D) = 1. Draw an approximate time response for each for a step input.

1 1 1 1

G(s) = —
D+1  p?41 (D+1)® D?+2D+2
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4. Draw aroot-locus plot for the following feedback control systems.

C

1
K > 2
(D+1)
2
D2
1
K +——» 5
(D+1)
2D?
K L (D+:|.)2
2
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