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4. NUMERICAL ANALYSIS

Topics:
» State variable form for differential equations
* Numerical integration with software and calculators
» Numerical integration theory: first-order, Taylor series and Runge-K utta
* Using tabular data
* A design case

Objectives:
* To be able to solve systems of differential equations using numerical methods.

4.1 INTRODUCTION

For engineering analysisit is always preferable to develop explicit equations that
include symbols, but thisis not always practical. In cases where the equations are too
costly to develop, numerical methods can be used. Astheir name suggests, numerical
methods use numerical calculations (i.e., numbers not symbols) to develop a unique solu-
tion to adifferential equation. The solution is often in the form of a set of numbers, or a
graph. This can then be used to analyze a particular design case. The solution is often
returned quickly so that trial and error design techniques may be used. But, without a sym-
bolic equation the system can be harder to understand and manipulate.

This chapter focuses on techniques that can be used for numerically integrating
systems of differential equations.

4.2 THE GENERAL METHOD

The general process of analyzing systems of differential equations involves first
putting the equations into standard form, and then integrating these with one of a number
of techniques. State variable equations are the most common standard equation form. In
thisform all of the equations are reduced to first-order differential equations. These first-
order equations are then easily integrated to provide a solution for the system of equations.
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4.2.1 Sate Variable Form

At any time a system can be said to have a state. Consider a car for example, the
state of the car is described by its position and velocity. Factors that are useful when iden-
tifying state variables are:

* The variables should describe energy storing elements (potential or kinetic).
* The variables must be independent.
* They should fully describe the system elements.

After the state variables of a system have been identified, they can be used to write
first-order state variable equations. The general form of state variable equationsis shown
in Figure 4.1. Notice that the state variable equation is linear, and the value of x isused to
calculate the derivative. The output equation is not always required, but it can be used to
calculate new output values.

(dgax = Ax+ Bu state variable equation
y = Cx+ Du output equation
where,

X = state/output vector (variables such as position)
u = input vector (variables such asinput forces)

A = transition matrix relating outputs/states

B = matrix relating inputs to outputs/states

y = non-state value that can be found directly (i.e. no integration)

C = transition matrix relating outputs/states
D = matrix relating inputs to outputs/states

Figure4.1  The genera state variable form

An example of a state variable equation is shown in Figure 4.2. As always, the
FBD isused to develop the differential equation. The resulting differential equation is sec-
ond-order, but this must be reduced to first-order. Using the velocity variable, 'v’ the sec-
ond-order differential equation can be reduced to a first-order equation. An equation is
also required to define the velocity as the first derivative of the position, 'x’. In the exam-
ple the two state equations are manipulated into a matrix form. This form can be useful,
and may be required for determining a solution. For example, HP calculators require the
matrix form, while T1 calculators use the equation forms. Software such as Mathcad can
use either form. The main disadvantage of the matrix formisthat it will only work for lin-
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ear differential equations.

Given the FBD shown below, the differential equation for the systemis,

e, K&

+ = — — e ¢
. < Y F = -F-KX-Kx = MX
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—»MX —F—KdX—KSx = MX

-

The equation is second-order, so two state variables will be needed. One obvious
choice for a state variablein thisequationis’ X' . The other choice can be the veloc-
ity, 'Vv'. Equation (1) definesthe velocity variable. The velocity variable can then be
substituted into the differential equation for the systemto reduce it to first-order.

X =V (1)
MxX = —F—KdX—KSx
Mv = —F—Kdv—KSx

E v = {9 () + () @

Equations (1) and (2) can also be put into a matrix form similar to that given in Fig-
ure4.l.

q 0 1 0

aixl = | v e |IX+

= [kl
M

M M

Note: To have a set of differential equations that is solvable, there must be the
same number of state equations as variables. If there are too few equations,
then an additional equation must be developed using an unexploited relation-
ship. If there are too many equations, a redundancy or over constraint must be
eliminated.

Figure4.2 A state variable equation example
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Put the equation into state variable and matrix form.

: v= L
ans. y = vy _M

sy =lsal

Figure 4.3 Drill problem: Put the equation in state variable form

Consider the two cart problem in Figure 4.4. The carts are separated from each
other and the wall by springs, and aforce is applied to the left hand side. Free body dia-
grams are developed for each of the carts, and differential equations devel oped. For each
cart avelocity state variable is created. The equations are then manipulated to convert the
second-order differential equations to first-order state equations. The four resulting equa-
tions are then put into the state variable matrix form.
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The state equations can now be combined in a matrix form.

~
E

. 0 1 o o .
E R 0 “s1 0 1 2
divi - | Mg M1 L1 ve
= 1

dt|x 0 0 0 1| [x
2 K K . —K 2 o
_v2_ Msl 0 si/l s2 0 _v2_ 0|

Figure4.4  Two cart state equation example
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Figure4.5

Drill problem: Develop the state equations in matrix form
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Figure 4.6

Drill problem: Convert the system to state equations
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In some cases we will develop differential equations that cannot be directly
reduced because they have more than one term at the highest order. For example, if a sec-
ond-order differential equation has two second derivativesit cannot be converted to a state
equation in the normal manner. In this case the two high order derivatives can be replaced
with adummy variable. In mechanical systems this often happens when masses are
neglected. Consider the example problem in Figure 4.7, both 'y’ and’u’ arefirst deriva-
tives. To solve this problem, the highest order terms ('y’ and 'u’) are moved to the left of
the equation. A dummy variable, 'q’, is then created to replace these two variables with a
single variable. This also creates an output equation as shown in Figure 4.1.

Given the equation,
3y+ 2y = 5u

Sep 1: put both the first-order derivatives on the left hand side,
3y—-5u = -2y

Sep 2: replace the left hand side with a dummy variable,

q = 3y-5u = -2y
Sep 3: solve the equation using the dummy variable, then solve for y as an output egn.
= -2y y = Lt

Figure4.7 Using dummy variables for multiple high order terms

At other times it is possible to eliminate redundant terms through agebraic manip-
ulation, as shown in Figure 4.8. In this case the force on both sides of the damper isthe
same, so it is substituted into the equation for the cart. But, the effects on the damper must
also be integrated, so adummy variable is created for the integration. An output equation
was created to calculate the value for x;.



numerical methods - 4.9

}—»Xl - %o

F Ky
—>| 1] y
The FBDs and equations are;

F K (X4 —X,)
d\"1 72 . .
’H‘ 2 Fx T FKyxg=xp) = 0

Kg(x1—%) = F 1)
4= %%
Kd(Q) = F
F
Q= 2
Kd
X| = X5t 3
R | R Ko ) = W
- F = |\/|x"2
Mx, Xp = Vo 4)
. _ F 5
Vp = o (5)

The state equations (2, 4, 5) can be put in matrix form. The output equation (2) can
also be put in matrix form.

=
g q oooll9 Kd q
—[X = X —
5152 = loo|[*2[* | M—[llo]xz’f[o]
v| 0ol |E v,
_M_

Figure4.8 A dummy variable example
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4.3NUMERICAL INTEGRATION

Repetitive calculations can be used to develop an approximate solution to a set of
differential equations. Starting from given initial conditions, the equation is solved with
small time steps. Smaller time stepsresult in a higher level of accuracy, while larger time
steps give afaster solution.

4.3.1 Numerical Integration With Tools

Numerical solutions can be developed with hand calculations, but thisis avery
time consuming task. In this section we will explore some common tools for solving state
variable equations. The analysis process follows the basic steps listed below.

1. Generate the differential equations to model the process.

2. Select the state variables.

3. Rearrange the equations to state variable form.

4. Add additional equations as required.

5. Enter the equations into a computer or calculator and solve.

An examplein Figure 4.9 shows thefirst four steps for a mass-spring-damper com-
bination. The FBD is used to develop the differential equations for the system. The state
variables are then selected, in this case the position, y, and velocity, v, of the block. The
equations are then rearranged into state equations. The state equations are also put into
matrix form, athough thisis not always necessary. At this point the equations are ready
for solution.
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Sep 1: Develop equations

S - Kg ‘Ksy ‘Kdy
_ d a2
M 2Py = _F_Kd(d_r)y_Ksy = M(H_J y
y | | 5
M My‘ F ¢ F+ Kd(dgt)w Koy + M(dgt) y=0

F

Sep 2: We need to identify state variables. In this case the height is clearly a defining vari-
able. We will also need to use the vertical velocity, because the acceleration is a second
derivative (we can only have first derivatives). Using the height, y, and velocity, v, as state
variables we may now proceed to rewriting the equations. (Note: thisisjust an algebraic
trick, but essential when setting up these matrices.)

R

(Q_JV _ —F—KdV—KSy
d M

Sep 4: We put the equations into a state variable matrix form.

@ [0 215,100
R

Figure 4.9 Dynamic system example

Figure 4.10 shows the method for solving state equations on a T1-86 graphing cal-
culator. (Note: this also works on other T1-8x cal culators with minor modifications.) In the
example asinusoidal input force, F, is used to make the solution more interesting. The
next step is to put the equation in the form expected by the calculator. When solving with
the T1 calculator the state variables must be replaced with the predefined names Q1, Q2,
etc. The steps that follow describe the button sequences required to enter and analyze the
equations. The result is a graph that shows the solution of the equation. Points can then be
taken from the graph using the cursors. (Note: large solutions can sometimes take afew
minutes to solve.)
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First, we select some parameter values for the equations of Figure 4.9. The input force
will be a decaying sine wave.

(o_(lDy =Yy

= —4e"'sn(t) - 2v, - 5y

Next, the calculator requires that the state variables be Q1, Q2, ..., Q9, so we replacey
with Q1 and v with Q2.

Ql = Q2
Q2 = —4e*'sn(t) -20Q2-5Q1

| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
I Now, we enter the equations into the calculator and solve. To do this roughly follow I
I the steps below. Look at the calculator manual for additional details. I
I 1. Put the calculator in differential equation mode I
I [2nd] [ MODE] [ DifEq] [ ENTER] I
I 2. Go to graph mode and enter the equations above [ GRAPH] [ F1] I
I 3. Sat up the axis for the graph [ GRAPH][F2] so that time and the x- I
I axisisfrom 0 to 10 with a time step of 0.5, and the y heightisfrom I
1 +310-3. 1
: 4. Enter theinitial conditions for the system [ GRAPH][F3] as Q1=0, :
Q2=0
I 5. Set the axis [ GRAPH][F4] asx=t and y=Q I
I 6. (T1-86 only) Set up the format [ GRAPH][MORE][F1][Fld- I
I Off| [ENTER] I
I 7. Draw the graph [ GRAPH] [F5] I
I 8. Find points on the graph [ GRAPH][MORE] [F4]. Movethe left/right |
I cursor to move along the trace, use the up/down cursor to move I
:. between traces. .:

Figure4.10 Solving state equations with a T1-85 calculator
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First, we select some parameter values for the equations of Figure 4.9. The input force
will be a decaying sine wave.

@y =
dt y
-F-K,v , —K_y
d _ dy s _ 05t B B
(dt)vy = v = —4e sin(t) 2vy Sy
Next, the calculator requires that the state variables be Q1, Q2, ..., Q9, so we replacey
with Q1 and v with Q2.
Ql = Q2
02 = —46 X 4n(t) - 202 -501

Now, we enter the equations into the calculator and solve. To do this roughly follow
the steps below. Look at the calculator manual for additional details.
1. Put the calculator in differential equation mode
[2nd] [ MODE] [ DifEq] [ ENTER]
2. Go to graph mode and enter the equations above [ GRAPH][F1]

U.Eﬁ?ﬁr orfoh (CMPE [Fa-itﬂaggnd the x-
axiG+&Tdom ithia ti Ne-£ldp & 0.58 arld th ht isfrom
+310-3.
4. Enter theinitial conditions for the system [ GRAPH][F3] as Q1=0,
Q2=0
5. Set the axis [ GRAPH][F4] asx=t and y=Q
6. (T1-86 only) Set up the format [ GRAPH][MORE][F1][Fld-
Off|[ENTER]
7. Draw the graph [ GRAPH][F5]
8. Find points on the graph [ GRAPH][ MORE] [ F4] . Movethe left/right
cursor to move along the trace, use the up/down cursor to move
between traces.

Figure4.11  Solving state equations with a T1-89 calculator

State equations can also be solved in Mathcad using built-in functions, as shownin
Figure 4.12. The first step isto enter the state equations as afunction, 'D(t, Q)’, where't’
isthetimeand’Q’ isthe state variable vector. (Note: the equations are in avector, but itis
not the matrix form.) The state variables in the vector ' Q' replace the original state vari-
ablesin the equations. The 'rkfixed’ function is then used to obtain a solution. The argu-
ments for the function, in sequence are; the state vector, the start time, the end time, the
number of steps, and the state equation function. In this case the 10 second timeinterval is
divided into 100 parts each 0.1s in duration. Thistime is chosen because of the general
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response time for the system. If the time step is too large the solution may become unsta-
ble and go to infinity. A time step that istoo small will increase the computation time mar-
ginally. When in doubt, run the calculator again using a smaller time step.

| 0 Define state variable |
| _ L :| _ [U] equations and initial |
Dit,Q) = Q= o
-5t . conditions. Mate the

—4. sinft)) - 20, - 5 1 L
! li i Sm()) Q-5 origin is at 0" here. !
1 1
1 . Define time range and number of steps far the 1
I thlin =0 1hlax = 10 M =100 integration. I
| |
| 3 = rldbee d(0, thin, ihax, I A fixed time step runge-kutta integration 1
1 1
1 1

0.5 T
I The first state variable 3<1= = Q0 plotted I
| arainst time S<0= =1, |
1 o 1

|

1 5 1
I e ] I
| |

-1 |
| 0 5 10 |
1 S{l:-} ]
| A point in time is, |
1 1
I i=40 I
! () (50) (2) !
| b= 03 Qo= 30 Q=) |
| 1
1 t=4 (Qp = 0.103 Q, = 0081 1
1 1
L Il EN BN BN BN B B BN B B B B BN B B BE BE D BE B B B B BE B BE B B B . ‘

Figure4.12  Solving state variable equations with Mathcad

Note: Notice that for the Tl calculatorsthe variables start at Q1, whilein Mathcad the
arrays start at Q0. Many students encounter problems because they forget this.
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4.3.2 Numerical Integration

The simplest form of numerical integration is Euler’sfirst-order method. Given the
current value of afunction and the first derivative, we can estimate the function value a
short time later, as shown in Figure 4.13. (Note: Recall that the state equations alow usto
calculate first-order derivatives.) The equation shown is known as Euler’s equation. Basi-
cally, using a known position and first derivative we can calculate an approximate value a
short time, h, later. Notice that the function being integrated curves downward, creating an
error between the actual and estimated values at time’t+h’. If the time step, h, were
smaller, the error would decrease.

y(t + h) A q d
i) y(t+h)=y(t) + hpy(t)
y(t) : .
’ Note: here the h valueisthe time step
between integrations points. A
> smaller time step will increase the
‘ t+h accuracy.

Figure4.13  First-order numerical integration

The example in Figure 4.14 shows the solution of Newton’s equation using Euler’s
method. In this example we are determining velocity by integrating the acceleration
caused by aforce. The acceleration is put directly into Euler’s equation. Thisisthen used
to calculate valuesiteratively in the table. Notice that the values start before zero so that
initial conditions can be used. If the system was second-order we would need two previous
values for the calculations.
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Given the differential equation,

- (s

we can create difference equations using simple methods.

QJ - F - -
(d Uiy first rearrange equation
v(t+h) = v(t) + h(dgav(t) put thisin the Euler equation

v(t+h) = v(t) + h(El\(/ID) finally substitute in known terms

1

1

1

1

1

1

1

1

1

1

1

1

1

1
e can now use the equation to estimate the system response. We will assumethat the I
systemisinitially at rest and that a force of 1N will be applied to the 1kg mass for I
4 seconds. After thistime the force will riseto 2N. Atime step of 2 secondswill be 1
used. I
1

1

|

1

1

1

1

|

1

1

1

1

1

o

t(sec) F(N) d/dty; \

NNNNNMNNNR RO
DANONNNNR RO
(@]

@ [od
(@]

r----------------
CO\IO?U'I-&OOI\)I—‘O"A

Figure4.14  First order numerical integration example
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Use first-order integration to solve the differential equation from0 .
to 10 seconds with time steps of 1 second. X+01x =5
ans.
X(t+h) = x(t) + h(-0.1x(t) +5)
x(10) =

Figure4.15 Drill problem: Numerically integrate the differential equation

An example of solving the previous example with atraditional programming lan-
guage is shown in Figure 4.16. In this example the results will be written to atext file
"out.txt’. The solution iteratively integrates from O to 10 seconds with time steps of 0.1s.
Theforcevalueisvaried over thetime period with ’if’ statements. The integration is done
with a separate function.
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}

doubl e step(double v, double h, double slope){
doubl e V_new,
v_new = v + h * slope
return v_new,

}

r--------------------------------1
| doubl e step(doubl e, double, double); I
| int main(){ |
| doubl e h = 0.1, |
M=1.0
I F; I
| FI LE *fp; |
doubl e v,
1 . I
| if( ( fp = fopen("out.txt", "w')) !'= NULL){ |
1 v = 0.0; 1
for(t =0.0; t <10.0; t += h ){
| if((t >= 0.0) & (t < 4.0)) F = 1.0; |
| if(t >4.00 F=2.0; I
v = step(v, h, FIM;
| fprintf(fp, "%, %, %\n", t, v, F, M; I
| } } |
i fclose(fp); i
| |
| |
| |
| |
| |
[ 9 o

Figure4.16  Solving state variable equations with a C program
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doubl e step(doubl e, double, double);

public class Integrate extends Object
public void main() {
doubl e

h 0.1,
M=1.0
F
FileQut fp = new FileCQut("out.txt");
if(fp.witeStatus != fp.| O EXCEPTI ON){
double v = 0.0
for( doublet =0.0; t <10.0; t +=h ){
if((t >>0.0) && (t < 4.0)) F=1.0
if(t >4.0) F=2.0;
v = step(v, h, F/IM;
fp.printf(fp, "%, %, %\n", t, v, F, M;
}
fp.close();
}
fclose(fp);

}

public doubl e step(double v, double h, double slope){
doubl e V_new,
v_new = v + h * slope
return v_new,

—
L----------

Figure4.17  Solving state variable equations with a Java program

The program below isfor Scilab (a Matlab clone). The state variable function is
defined first. Thisisfollowed by adefinition of the parameters to be used for the numeri-
cal integration. Finally the function is integrated with rectangular, trapezoidal and Simp-
son’'srule forms.
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------------------------------1
I/

Il first_order.sce

11

/Il A first order integration of an accel erating nass
I/

/1 To run this in Scilab use '"File' then 'Exec'.

I

/1l by: H Jack Sept., 16, 2002

11

/] System conponent val ues
mass = 10;
force = 100;

x0 = 8; /1 initial conditions
v0o = 12;
X=[x0, vO];

/1 define the state nmatrix function
/1 the values returned are [Xx, V]
function foo=f(state,t)
foo = [ state($, 2), force/mass]; // d/dt x = v, d/dt v = F/M
endfunction

/1 Set the tine length and step size for the integration

steps = 100;
t_start = 1;
t _end = 100;

h = (t_end - t_start) / steps;

Figure4.18 First order integration with Scilab
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/1

/1 Loop for integration

/1

for i=1:steps
X =[X; X$ :) + h*f(X i*h)]

end

printf("The value at the end of first order integration is (x, v) = (%, %)\n",
X($,1), ..
X($,2));

I
/1 Explicit equation
I
function x=position(x0, vO, a0, t)
x = (0.5 * a0 * t~2) + (vO * t) + xO;
endfunction

function v=velocity(v0, a0, t)
V:(aO*t)+VO;
endfunction

printf("The value with integrationis (x, v) = (%, %)\n",
posi tion(x0, vO, force/mass, t_end),
vel ocity(v0, force/mass, t_end));

I

/1 The results should be

11 first order integration = (49710, 1002)

I explicit = (51208, 1012)

11

/1l The difference is 1498 for position and 10 for velocity. This is relatively small, but
/1l shows a clear case of the innacuracy of the nunerical solutions

I

/'l Note: increasing the nunber of steps increases the accuracy

I

Figure4.19  First order integration with Scilab (continued)

4.3.3 Taylor Series

First-order integration works well with smooth functions. But, when a highly
curved function is encountered we can use a higher order integration equation. The Taylor
series equation shown in Figure 4.20 for approximating a function. Notice that the first
part of the equation isidentical to Euler’s equation, but the higher order terms add accu-
racy.
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e+ ) = x0 + h(D)xw + 2022w + 20 0 + 2n4(L) % + .

Figure4.20 The Taylor series

An example of the application of the Taylor seriesis shown in Figure 4.21. Given
the differential equation, we must first determine the derivatives and substitute these into
Taylor’s equation. The resulting equation is then used to iteratively calculate values.

Given x—x = 1+ 0t {3
W\e can write, (:jDX 1+6 00 B4k
2 _
(D% = ™ 52

3 _
(g—g X=e 20t+ 6t

In the Taylor series this becomes,

20t .3

1
1
1
1
1
1
1
1
1

— 1 2 — 1
X(t+h) = x(t)+ h(1l+e +t +x)+§h (—e +3t)+ h(e +6|

Thus % =0 t(& | X
h=01 0
0.1
0.2
0.3
0.4
0.5
0.6
0.7

0.8
0.9

[oNe

eg., fort—Ol(O +01) = O+01(2)+—(01) ( 1)+—(01) (1) -

Figure4.21 Integration using the Taylor series method
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Recall that the state variable equations are first-order equations. But, to obtain
accuracy the Taylor method also requires higher order derivatives, thus making is unsuit-
able for use with state variable equations.

4.3.4 Runge-K utta I ntegration

First-order integration provides reasonable solutionsto differential equations. That
accuracy can be improved by using higher order derivativesto compensate for function
curvature. The Runge-Kutta technique usesfirst-order differential equations (such as state
equations) to estimate the higher order derivatives, thus providing higher accuracy without
requiring other than first-order differential equations.

The equations in Figure 4.22 are for fourth order Runge-Kuttaintegration. The
function ’f()’ isthe state equation or state equation vector. For each time step the values
'F1’ to’F4' are calculated in sequence and then used in the final equation to find the next
value. The’F1’' to’F4' values are calculated at different time steps, and values from previ-
ous time steps are used to 'tweak’ the estimates of the later states. The final summation
equation has aremote similarity to the first order integration equation. Notice that the two
central valuesin time are more heavily weighted.

Fq, = hf(t,x)
_ h Fq Note: in this case the state equation function
Fo = hf(t o X _) f(t, X) includes the state variables, x, and
= time, t. However, in ssimpler systems the
Fg = hf(t + D' X + _2) state equations may not include time and
2 2 it could be replaced with f(x).

F4 hf(t + h, x + F3)

1
X(t+h) = x(t) + é(F1+ 2F,+ 2F5+ Fy)

where,

X = the state variables

f = the differential function or (d/dt) x

t = current point in time

h = the time step to the next integration point

Figure4.22  Fourth order Runge-K utta integration
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An example of a Runge-K utta integration calculation isshownin Figure 4.23. The
solution begins by putting the state equationsin matrix form and defining initial condi-
tions. After this, the four integrating factors are calculated. Finally, these are combined to
get the final value after one time step. The number of calculations for asingle time step
should make obvious the necessity of computers and calculators.

ad;[x =V y = 2 (assumed input)
vh = 1

gv=3.+4v+5y 0

dt xO:B

dix| - [01||x|; |00y h =01

dt|y 04/|v] |53]]1

For thefirst time step,

r

I I
I I
1 I
I I
1 I
I I
I I
I I
I I
1 . [
I F20'1013+002j20'1(1+szo'l I
! 1 o041 531 4 |13) |17 !
I i I
| - q]3+ &L I
, F, =01 |01 2|, lool|2]| - 0185 ;
' 04,17 [53[1 2.04 :
1 L 2 |
: ~ |p,0a88 :
: Fy= 0101 2 |, ]ool[2]] - 0.202} |
| 04} 1,204 [53[4 2.108 |
[ i 2 | [
I - o 1 roAry T I
. £ = oallo1][3+ 0202, 00|[2]] = [0.3108 |
| 4 04|[1+2108 |53 1) |25432 I
I g » I
| i+1 - [T, 1 |
. . =, +6(F1+ 2F,+ 2F5+ Fy) .
| i+1 1] I
I ] I
I Xi+1| _ |3 +;( 0.4, ,|0.185| , ,|0202] , O.3108j _ [31074667]
1 vi,q 11 8r7 [204] [2108 |25432 3.0898667| |
I I
[ 3 ol

Figure4.23 Runge-Kuttaintegration example
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F = m(9)% uee,

x(0)=1
v(0) =2
h=05s
F=10

Figure4.24  Drill problem: Integrate the accel eration function
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% Leave the solution in variable form, and then change
Kd values to see how the system response changes.
\f Ky = 10Nsm
_ -1
y M Ks = 10Nm
M = 1kg

Yo = 1m y'O = 0m
Ks

Figure4.25 Drill problem: Integrate to find the system response

The program in Figure 4.26 and Figure 4.28 is used to perform a Runge-K utta inte-
gration of amass-spring-damper system. The’main’ program loops through the time steps
and writes the value to afile. The 'step’ function performs one timestep integration for a
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second order Runge-Kutta integration. It uses the functions’add’ and ' multiply’ to manip-
ulate the state matrix. The’derivative’ function updates the state matrix with the new
derivative values.

r Il BN BN I I I BN B BN B B B B B B BN B B B B B B B B B B B B B B B . 1
/* A programto do Runge Kutta integration of a mass spring danper system */
1 #i ncl ude <stdi o. h> 1
| |
1 voi d mul tiply(double, double[], double[]); 1
voi d add(doubl e[], double[], double[]);
I void step(double, double, double[]); 1
J void derivative(doubl e, double[], double[]); ]
I#defineSIZE 2 /* the length of the state vector */ I
I #defineKkKs 1000 /* the spring coefficient */ |
I #def i ne Kd 10000 /* the danping coefficient */ I
#def i ne Mass 10 /* the mass coefficient */
i #defi ne Force 100 /* the applied force */ i
' in(){ !
int main
I FI LE *fp; I
| |
] double h = 0.001; ]
double t;
I i nt j =0 I
| |
I double X[SIZE];// create state variable Iist I
X[0] = 0;// set initial condition for x
i X[1] = 0:// set initial condition for v i
| |
1 if( ( fp = fopen("out.txt", "w')) !'= NULL){ 1
fprintf(fp, " t(s) X v \n\n");
| for(t =0.0; t <50.0; t += h ){ |
] step(t, h, X); ]
I @f(j == Q) fprintf(fp, "o®.5f 9®.5f 9®.5f\n", t, X0], X1]); I
j++ if() >=10) j = 0;
1 } 1
}
1 fclose(fp); 1
1, |
| |
L HE HI =N BN BN =N BN BN BN BN B B BN B B B B B B B B B B B B B B B B B B = ‘

Figure4.26 Runge-Kuttaintegration C program
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--------------------------------1
/* First order integration done here (could be replaced with runge kutta)*/

voi d step(double t, double h, double X])({
doubl e tnp[ Sl ZE],
dX[ Sl zE],
F1[ SI ZE] ,
F2[ SI ZE] ,
F3[ SI ZE] ,
FA[ SI ZE] ;
/* Calculate F1 */
derivative(t, X, dX);
mul tiply(h, dX F1);

/* Calculate F2 */

mul tiply(0.5, F1, tnp);
add(X, tnp, tnmp);
derivative(t+h/2.0, tnmp, dX);
mul tiply(h, dX F2);

/* Calculate F3 */

mul tiply(0.5, F2, tnp);
add(X, tnp, tnmp);
derivative(t+h/2.0, tnmp, dX);
mul tiply(h, dX F3);

/* Calculate F4 */

add(X, F3, tm);
derivative(t+h, tnp, dX);
mul tiply(h, dX F4);

/* Cal cul ate the wei ghted sum */
add(F2, F3, tnp);

mul tiply(2.0, tnp, tnp);

add(F1, tnmp, tnmp);

add(F4, tnp, tnmp);

mul tiply(1.0/6.0, tnp, tnp);
add(tnmp, X, X);

-

/* State Equations Cal cul ated Here */
voi d derivative(double t, double X[], double dX[]){

dx[0o] = X[1];

dX[1] = (-Ks/Mass)*X[ 0] + (-Kd/Mass)*X[ 1] + (Force/ Mass);
}

/* A subroutine to add vectors to sinplify other equations */
voi d add(doubl e X1[], double X2[], double R[]){
for(int i =0; i < SIZE i++) Ri] = X1[i] + X2[i];
}
/* A subroutine to multiply a vector by a scalar to sinplify other equations*/

void multiply(double X, double V[], double R[]){
for(int i =0; i <SIZE i++) Ri] = X*V[i];

r-------------------1
-

Figure4.27 Runge-Kuttaintegration C program (cont’ d)

A Scilab programis given in Figure 4.28 to perform a Runge Kutta integration.
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r------------------------------1
/'l runge_kutta.sce

/Il A first order integration of an accel erating nass
/1 To run this in Scilab use '"File' then 'Exec'.

/1l by: H Jack Sept., 15, 2003

/] System conponent val ues
mass = 10;
force = 100;

x0 ;
v0 2;
X=[x0, vO];

8 /1 initial conditions
1

/1 define the state matrix function
/1 the values returned are [Xx, V]
function foo=f(state,t)
foo = [ state($, 2), force/mass]; // d/dt x = v, d/dt v = F/M
endfunction

/1 Set the tine length and step size for the integration
steps = 1000;

t_start = 0;

t_end = 100;

h (t_end - t_start) / steps;

t [t_start];

/1 Loop for integration
for i=1:steps,

t =[]t ; t($:) + h];

F1L = h * f(X($ :), t($,:));

F2 = h * f(X($, :) + F1/2.0, t($,:) + h/2.0);

F3 = h * f(X($,:) + F2/12.0, t($,:) + h/2.0);

F4 = h* f(X($:) + F3, t($,:) + h);

X=1[X; X($:) + (F1 +2.0*F2 + 2.0*F3 + F4)/6.0];

end

/'l print some results to conpare
printf("The value at the end of first order integrationis (x, v) = (%, %)\n",
X($, 1), ...
X($,2));
printf("The position (using an equation) should be %\n", 0.5*force/mass*(t_end-
t_start)”~2.0 + vO*(t_end - t_start) + x0);

/'l Graph the val ues

plot2d(t, X, [-2, -5], leg="position@elocity");
/Il leg - the legend titles
/Il style - draw lines with marks
/1l nax - grid lines for the graph

xtitle('Tinme (s)');

Figure4.28 Runge-Kuttaintegration Scilab program

4.4 SYSTEM RESPONSE

In most cases the result of numerical analysisis graphical or tabular. In both cases
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details such as time constants and damped frequencies can be obtained by the same meth-
ods used for experimental analysis. In addition to these methods there is a technique that
can determine the steady-state response of the system.

4.4.1 Seady-Sate Response

The state equations can be used to determine the steady-state response of a system
by setting the derivatives to zero, and then solving the equations. Consider the example in
Figure 4.29. The solution begins with a state variable matrix. (Note: this can also be done
without the matrix also.) The derivatives on the |eft hand side are set to zero, and the equa-
tions are rearranged and solved with Cramer’s rule.

| o

' Given the state variable form: 0 1 0 !
I dixl = | k¥ + I
1 dt|y s _dlfy |k 1
1 M M M 1
1 L. 1
j Setthederivativesto zero ; 0o 1 . 0 I
, ™M M :
| |
1 Solvefor xandv |
I 0 1 o 0 I
I Ks Ky v _F I
! ™ [ !
| |
! 0 1 0 0 1
| K K |
I _F d (E) s F I

M M M M M
- BN PR
M M

- s K, & Ky |
1 MM MM 1
| |
[ 9 ol

Figure4.29  Finding the steady-state response
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4.5 DIFFERENTIATION AND INTEGRATION OF EXPERIMENTAL
DATA

When doing experiments, datais often collected in the form of individual data
points (not as complete functions). It is often necessary to integrate or differentiate these
values. The basic equations for integrating and differentiating are shown in Figure 4.30.
Given data points, y, collected at given times, t, we can integrate and differentiate using
the given equations. The integral is basically the average height of the two points multi-
plied by the width to give an area, or integral. Thefirst derivative is basically the slope
between two points. The second derivative is the change in slope values for three points.
In a computer based system the time points are often equally spaced in time, so the differ-
ence in time can be replaced with a sample period, T. Ideally the time steps would be as
small as possible to increase the accuracy of the estimates.

HA______
—
—

ti_

t. y:+y.
Ji 1V(ti)dt:(lTll)(ti‘ti-1) = S0+ Y _q)

d Yi=Yi-1 Yi+ 17 1 1
—y(t-)=( j = ( = 2V =Y _q) = =Y 4 1Y)
dt’ Vi ti_ti—l ti+1_ti TV J1-1 TVYI1+1 7

1 1
'T'(yi + 1_yi)_'_|'(yi_yi—1) _ —2yi Y1t Yieq

2
(dgr) y) = T 2

Figure4.30 Integration and differentiation using data points



numerical methods - 4.32

An example of numerical integration using Scilab is given in Figure 4.31 and Fig-

ure4.32.
Il EE BN BN BN BN BN B B BN B B BN BN B B B B B D BE BE B B B B B B B B B ..
[ b |
11
integrate.sce
1 . 1
| 1 |
| /1l A sinple programto integrate a function ]
I
I /1 To run this in Scilab use 'File" then 'Exec'. 1
| 1 |
y: H Jac ept., 9,
I Il b H Jack S 9, 2002 1
I/
| |
| |
/1 define the function
1 function foo=f(x) 1
| foo =5* x + 2 * log(sin(x) / x + 2); |
endfunction
| |
et the time |length and step size
| Il S h i | h d i |
steps = 10;
1 x_start = 1, I
| x_end = 10; |
1 x_delta = (x_end - x_start) / steps; ]
| |
| 11 |
/1 Loop for rectangular integration
| |
I
| total = 0; // set the initial sumto zero |
I for i=0:steps, I
X = Xx_start +i * x_delta;
1 total = total + f(x); 1
| end |
total = total * x_delta,;
| |
printf("Rectangul ar integration value %\n", total);
| |
L Il EE BN BN BN BN BN B B BN B B BN BN B B B B B D BE BE B B B B B B B B B .. ‘

Figure4.31 Integration with a Scilab program
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--------------------------------1
/'l Loop for trapezoidal integration
11
total = 0; // set the initial sumto zero
for i=0:steps,
X = x_start +i * x_delta;

if i == 0 then
total = total + f(x);
elseif i == steps then
total = total + f(x);
el se
total = total + 2 * f(x);
end
end
total = total * x_delta / 2;

printf("Trapezoidal integration value %\n", total);

I

/'l Loop for Sinpson's rule integration

I

total = 0; // set the initial sumto zero
even = 0;

for i=0:steps,
X = x_start + i * x_delta;

if i == 0 then

total = total + f(x);
elseif i == steps then

total = total + f(x);
el se

even = even + 1;
if even > 1 then
total = total + 4 * f(x);

even = 0;
el se
total = total + 2 * f(x);
end
end
end
total = total * x_delta / 3;

printf("Sinpsons rule integration value %\n", total);

Figure4.32  Integration with a Scilab Program (cont’ d)

4.6 ADVANCED TOPICS

4.6.1 Switching Functions

When analyzing a system, we may need to choose an input that is more complex
than inputs such as steps, ramps, sinusoids and parabolae. The easiest way to do thisisto
use switching functions. Switching functions turn on (have avalue of 1) when their argu-
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ments are greater than or equal to zero, or off (avalue of 0) when the argument is negative.
Examples of the use of switching functions are shown in Figure 4.33. By changing the val-
ues of the arguments we can change when a function turns on or off.

u(t)
A
| t
! -
A u(=t)
J.I ¢
| .
A u(t-1)
1 I_
t
T -
Au(t+1)
K !
>

Au(t+1)—-u(t-12)

R

-1 1

s

Figure4.33  Switching function examples

These switching functions can be multiplied with other functions to create a com-
plex function by turning parts of the function on or off. An example of a curve created
with switching functions is shown in Figure 4.34.
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| e e e e e e e e e e e e e L |
[ A f® [
| 5 |
I I
I I
I I
I t I
: | | »> seconds :
| 0 1 3 4 |
: f(t) = 5t(u(t) — (t—1)) + 5(u(t—1) —u(t —3)) + (20— 5t)(u(t — 3) —u(t — 4)) :
I or I
I f(t) = 5tu(t) =5(t—=1)u(t—=1)=5(t=3)u(t—3) + 5(t—4)u(t—4) I
L I BN B BN BN BN B BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN B BN BN BN BN BN BN B = ‘

Figure4.34  Switching functions to create a non-smooth function

The unit step switching function is available in Mathcad and makes creation of
complex functionsrelatively trivial. Step functions are also easy to implement when writ-
ing computer programs, as shown in Figure 4.35.

return f;

}

I For thefunction f(t) = 5tu(t) —-5(t—21)u(t—1)—-5(t—-3)u(t-3) + 5(t—4)u(t—4) |
| |
I doubl e u(double t){ I
if(t >>0) return 1.0;
| return 0.0; |
I } I
1 doubl e function(double t){ 1
| doubl e f; |
I f = 5.0 * t * u(t) I
| 5.0 * (t - 1.0) * u(t - 1.0) |
I 5.0 * (t - 3.0) * u(t - 3.0) I
+50* (t - 40) * u(t - 4.0);
| |
| |
| |
[ 5 o

Figure4.35 A subroutine implementing the example in Figure 4.34
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4.6.2 I nter polating Tabular Data

In some cases we are given tables of numbers instead of equations for a system
component. These can still be used to do numerical integration by calculating coefficient
values asrequired, in place of an equation.

Tabular data consists of separate data points as seen in Figure 4.36. But, we may
need values between the datapoints. A simple method for finding intermediate valuesisto
interpolate with the "lever law". (Note: it is called this because of its' similarity to the
equation for alever.) Thetablein the example only givesflow ratesfor avalve at 10
degree intervals, but we want flow rates at 46 and 23 degrees. A simple application of the
lever law gives approximate values for the flow rates.

: valve angle | flowrate :
. (deg.) (9pm) .
| 0 0 Given a valve angle of 46 degreesthe flow rate s, |
10 0.1 1
1 0.4 Q= 20+ (23— 2.0)@8 - jg) =218 |
I 30 1.2 I
I 40 20 Given a valve angle of 23 degrees the flow rate is, 1
I 50 2.3 I
1 60 24 _ (23 28) _ I
I 20 o4 Q=04+ (12 0.4)(30 — 0.64 I
| 80 2.4 |
| 90 2.4 |
L I BN B BN BN BN B BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN B BN BN BN BN BN BN B = ‘

Figure4.36  Using tables of values to interpolate numerical values using the lever law

The subroutine in Figure 4.37 was written to return the numerical value for the
datatable in Figure 4.36. In the subroutine the tabular datais examined to find the interval
that the flow rate value fallsinside. Once thisis found the valve angleis calculated as the
ratio between the two known values.
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doubl e angl e(doubl e rate){
int i;

}
}

exit(1l);
}

for(i =0; i < SIZE-1; i++){
if((rate >= data[i][0]) && (rate <= data[i+1][0]){
return (data[i+1][1] - data[i][1])
* (rate -
+ data[i][1];

printf("ERROR rate out of range\n");

--------------------------------1

#def i ne S| ZE 10;

doubl e data[ Sl ZE][2] = {{0.0, 0.0},
{10.0, 0.1},
{20.0, 0.4},
{30.0, 1.2},
{40.0, 2.0},
{50.0, 2.3},
{60.0, 2.4},
{70.0, 2.4},
{80.0, 2.4},
{90.0, 2.4}};

data[i][0]) / (data[i+1][0] - data[i][0])

Figure4.37 A tabular interpolation subroutine example

4.6.3 Modeling Functions with Splines

When greater accuracy is required, smooth curves can be fitted to interpolate
points. These curves are known as splines. There are multiple methods for creating
splines, but the simplest isto use a polynomial fitted to a set of points.

The example in Figure 4.38 shows a spline curve being fitted for three data points.
In this case a second order polynomial is used. The three data points are written out as
eguations, and then put into matrix form, using the coefficients as the unknown values.
The matrix is then solved to obtain the coefficient values for the final equation. This equa-
tion can then be used to build a mathematical model of the system.
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105
205
110

P(S) = A52 + BS+ C
Data values can be substituted into the equation,

P(1000) = A10002+ B1000 + C

P(4000) = A4000§ + B4000 + C
P(6000) = A6000 + B6000 + C

P(S) = (—1.617x10_5)32 + 0.114S+ 7.000

10002 1000 1 A 105
4000° 4000 1| |B| = |205

5 C 110
6000 6000 1]
A 1000000 1000 1] (105
B| = |16000000 4000 1| |205
[e 36000000 6000 1| |110
A 6.667x10 C —1.667x10”
(E; T 666710 1.167x10°°
L 1600 —1.000
Al |-1617x107
Bl ~ 0.114
Cl | 7.000

Figure4.38 A splinefitting example

7

In this case there are three datapoints, so we can fit the curve with a second (3-1)
order polynomial. The major task is to calculate the coefficients so that the
curve passes through all of the given points.

105
205
110

This can then be put in matrix formto find the coefficients,

Note: in this example the
inverse matrix is used, but
other methods for solving
systems of equations are
equally valid. If the equa-
tions were simpler, substitu-
tion might have been a
better approach.

1.000x10_7 105

—5.OOOX10_4 205
110

0.400

The datapoints below might have been measured for the hor sepower of an internal
combustion engine on a dynamometer.

S (RPM) P (HP)
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The order of the polynomial should match the number of points. Although, as the
number of points increases, the shape of the curve will become less smooth. A common
way for dealing with this problem isto fit the spline to a smaller number of points and then
verify that it matches the remaining points, or use aleast squares method to find the best
approximation.

4.6.4 Non-Linear Elements

Despite our deepest wishes for simplicity, most systems contain non-linear compo-
nents. In the last chapter we looked at dealing with non-linearities by linearizing them
locally. Numerical techniques will handle non-linearities easily, but smaller time steps are
required for accuracy.

Consider the mass and an applied force shown in Figure 4.39. As the mass moves
an aerodynamic resistance force is generated that is proportional to the square of the
velocity. Thisresultsin anon-linear differential equation. This equation can be numeri-
cally integrated using a technique such as Runge-Kutta. Note that the state equation matrix
form cannot be used because it requires linear equations.

--------------------------------1
2

X
20X SF, = F_20%° = Mx

M

-

|

|

|

|

(1) I
|

202, F @ :
|

o

r----1
>
1
<

Figure4.39 Developing state equations for a non-linear system

4.7 CASE STUDY

Consider the simplified model of a car suspension shown in Figure 4.40. The
model distributes the vehicle weight over four tireswith identical suspensions, so the mass
of the vehicleisdivided by four. In this model the height of the road will change and drive
the tire up, or alow it to drop down. Thetire acts as a stiff spring, with little deflection.
The upper spring and damper are the vibration isolation units. The damper has been
designed to stiffen as the damper is compressed. The given table shows how the damping
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coefficient varies with the amount of compression.

I N I
| = — - v — |
: Ks = 50000~ L =y,.-y, :
| Ky = 2000001 L Kd |
1 _ (cm) (Ngm) 1
, M, = 400Kg ,
! _ 30 1000 !
! M, = 20Kg 0 1600 !
I -20 2000 I
I -30 2250 I
I I
| |
I I
I I
I I
I I
[ 3 ol

Figure4.40 A model of acar suspension system

For our purposes we will focus only on the trandlation of the tire, and ignore its
rotational motion. The differential equations describing the system are developed in Fig-
ure4.41.
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M, %

Qsl(yt - yc) T Kd(y.t _yc)
D F = K=y + Kd(y.t_y.c)_'vlcg = |vlcy.c

<

o

<,
(¢
-

d, _

aiyc = Ve 1)

Sy = v 2)
K K K -K

: sl sl d d

Ve = —ijt+ ( i, jyc+ (M—Jvt+ (M—ijc+ S

Kayr =¥p)
ZF - KSZ(yr _yt) a KSl(yt _yc) - Kd(yt _yC) - Mtg = Mtyt
My = (Keop + (Kgp =Kgp)¥p + (Kgp)¥e + (Kgly + (Kgdy, —Mg
K —Kgp—K K K K
: S2 s2 sl sl d d
Vi T (Wtj Yt (—Mt jyt + (Wtj Yot (Wtj Vi + (VJ Vet (-9) (4)

Figure4.41 Differential and state equations for the car suspension system

The damping force must be converted from atabular form to equation form. This
isdonein Figure 4.42.
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Kd
(NS/m)

There are four data points, so a third order polynomial is L
required. (cm)
30
Kq(L) = AL®+ BL?+ CL+D 0
-20
-30

1000 = A(0.3)>+ B(0.3)*+ C(0.3) + D
1600 = A(0)%+ B(0)?+ C(0)+ D

2000 = A(-0.2)%+ B(-0.2)*+ C(-0.2) + D
2250 = A(-0.3)%+ B(-0.3)*+ C(-0.3) + D

0.027 0.09 0.3 1||A 1000
0 0 O 1}/Bl - |1600

—0.008 0.04 -0.2 1| |C 2000
—-0.027 0.09 -0.3 1| |D 2250

Al |-2778
B| _ |2778
cl |-1833
D 1600

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
| Kq(L) = (—2778)L°+ (277.8)L° + (~1833)L + 1600
[ 3

Figure4.42  Fitting a spline to the damping values

The four data points can now be written in equation form, and then put into matrix form.

The matrix can be solved to find the coefficients, and the final equation written.

1000
1600
2000
2250

The system isto be tested for overall deflection when exposed to obstacles on the
road. For theinitial conditions we need to find the resting heightsfor the tire and car body.
This can be done by setting the accelerations and velocities to zero, and finding the result-

ing heights.
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Theinitial accelerations and velocities are set to zero, assuming the car has settled to
a steady state height. This then yields equations that can be used to calculate the
initial deflections. Assume the road height is also zero to begin with.

o= ($ne (e (- (oo
Ye = Yi— gllzl_;

o= (K2)0s(K2ta)y (5554 (204 (Yoo

th = (_Ksz - Ksl)yt + (Ksl)yc

M = et M
gM; = (—Ksz—Ksl)yﬁ(Ksl)(yt—gK—sl) Yo = 29
M.+M M M.+M, M
s2 sl s2 sl

Figure4.43 Calculation of initial deflections

The resulting calculations can then be written in a computer program for analysis,
as shown in Figure 4.44.
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r--------------------------------1
#i ncl ude <stdio. h>
#i ncl ude <math. h>

#defi ne Sl ZE 4 /* define state variables */
#definey_c 0
#definey_t 1
#definev_c 2
3

#definev_t

#define N.step 10000 // nunber of steps
#define h_step 0.001 // define step size

#defi ne Ksl 50000.0/* define conponent val ues */
#defi ne Ks2 200000. 0

#define M 400.0

#define M 20.0

#defi ne grav 9.81

void integration_step(double h, double state[], double derivative[]){
int i;
for(i =0; i < SIZE;, i++) state[i] += h * derivative[i];

}

doubl e danper (doubl e L){
return (-2778*L*L*L + 277.8*L*L - 1833*L + 1600);
}

doubl e y_r(double t){
/* return 0.0; /* a zero input to test the initial conditions */
/* return 0.2 * sin(t);/* a sinusoidal oscillation */
return 0.2; */ /* a step function */
/* return 0.2 * t; */ /* a ranp function */

Figure4.44  Program for numerical analysis of suspension system
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voi d d_dt (double t, double state[], double derivative[]){

doubl e Kd;
Kd = danper(state[y_c] - state[y_t]);
derivative[y_c] = state[v_c];
derivative[y_t] = state[v_t];
derivative[v_c] = (Ksl/M)*state[y_t] - (Ksl/M)*state[y_c]
+ (Kd/ Mc)*state[v_t] - (Kd/M)*state[v_c] - grav;
derivative[v_t] = (Ks2/M)*y r(t) - ((Ks2+Ksl)/M)*state[y_t]

+ (Ksl/M)*state[y_c] - (Kd/M)*state[v_t]
+ (Kd/M)*state[v_c] - grav;

—

mai n() {
doubl e state[ Sl ZE] ;
doubl e derivative[ Sl ZE] ;

FI LE *fp_out;
doubl e t;
int i
state[y_c] = - grav * ( (M/Ksl) + (M + M)/Ks2 ); /* initial values */
state[y_t] = - grav * (M + M) / Ks2;
state[v_c] = 0.0;
state[v_t] = 0.0;
if((fp_out = fopen("out.txt", "w')) !'= NULL){ /* open the file */
fprintf(fp_out, " t Yc Yt Vc VvVt \n");
for(t =0.0, i =0; i < N.step; i++ t += h_step){
if((i %100) == 0) fprintf(fp_out, "% % % % % \n",
t, state[y_c], state[y_t], state[v_c], state[v_t]);
d_dt(t, state, derivative);
integration_step(h_step, state, derivative);
}
} else {

printf("ERROR Could not open file \n");
}

fclose(fp_out);

r--------------1
——

Figure4.45 Program for numerical analysis of suspension system (continued)

This program was then used to test various design cases by selecting input types
for changesin the road height, and then cal culating how the tire and vehicle heights would
change as aresult. Some of these results are seen in Figure 4.46. These results were
obtained by running the program, and then graphing the results in a spreadsheet program.
The input of zero for the road height was used to test the program. As shown the height of
the vehicle changes, indicating that the initial height calculations are correct, and the
model is stable. The step function shows some oscillations that settle out to a stable final
value. The oscillation is relatively slow, and is fully transmitted to the automobile. The
ramp function shows that the car follows the rise of the slope with small transient effects
at the start.
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Figure4.46  Graphs of simulation results

4.8 SUMMARY

* State variable equations are used to reduced to first order differential equations.

* First order equations can be integrated numerically.

* Higher order integration, such as Runge-K utta increase the accuracy.

* Switching functions allow functions terms to be turned on and off to provide
more complex function.

» Tabular data can be used to get numerical values.
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4.9 PRACTICE PROBLEMS

1. Convert the following differential equations to state variable form.

X+2X+3x+5y = 3

y+y+6y+9x = sin(t)

2. a) Put the differential equations given below in state variable form.
b) Put the state equations in matrix form

Y, + 2y, + 3y, + 4y, +5y,+ 6y, +t+F = 0
Yy, + 7y, + 8y, + 9y, + 10y, + 11y, + 5cos(5t) = 0

y, + 12y, + 13y, = 0 Y1, Yo, Y3 = outputs
F = input

3. Develop state equations for the mass-spring-damper system bel ow.
X

.

— M K

7

4. The system below is comprised of two masses. There is viscous damping between the masses
and between the bottom mass and the floor. The masses are also connected with a cable that is
run over amassless and frictionless pulley. Write the differential equations for the system, and
put them in state variable form.

_
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5. Do afirst order numerical integration of the derivative below from 0 to 10 secondsin one sec-
ond steps. Assume the system starts undeflected. Write the equation for each time step.

d _ 2
aix(t) = 5(t-4)

6. Given the differential equation below integrate the values numerically for the first ten seconds
with 1 second steps. Assume the initial value of x is 1. You may usefirst order or Runge Kutta
integration.

x+0.25x = 3

7. Write a Scilab program to calcul ate the area under the function below using a numerical
method, such as Simpson’srule. Test it by using the range from x=1to x=1.2. Assume the sine
function isin radians

f(x) = 5x-+ 2in( 32)

X
8. Write a computer program in alanguage of your choice (C/C++, Java, Scilab script, etc.) that
will numerically integrate the differential equation below.

6+306+96 = 10

9. Given the following differential equation and initial conditions, draw a sketch of the first 5 sec-
onds of the output response. The input is a step function that turns on at t=0. Use at least two
different methods, and compare the results.

0.5V, + 0.6V, + 2.1V, = 3V, +2 initial conditions Vv (t>0) = 5V
V,(0) = OV
V,(0) = 1V

10. a) For the mass-spring-damper system below solve the differential equation as a function of
time. Assume the system starts at rest and undeflected. b) Also solve the problem using your

calculator (and state equations) to verify your solution. Sketch the results.
X

K¢ = 10 Ka
Kg = 10 F H =
F=10

=0

7

11. The mechanical system below isamass-spring-damper system. A force’F of 100N isapplied
to the 10K g cart at time t=0s. The motion isresisted by the spring and damper. The spring
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coefficient is 1000N/m, and the damping coefficient is to be determined. Follow the steps
below to develop a solution to the problem. Assume the system always starts undeflected and

at rest.

a) Develop the differential equation for the system.

b) Solve the differential equation using damping coefficients of 100Ns/m and
10000Ns/m. Draw a graph of the results.

c¢) Develop the state equations for the system.

d) Solve the system with afirst order numerical analysis using Scilab for damping
coefficients of 2100Ns/m and 10000Ns/m. Draw a graph of the results.

€) Solve the system with a Runge Kutta numerical analysis using Scilab for damp-
ing coefficients of 100Ns/m and 10000Ns/m. Draw a graph of the results.

f) Write a computer program (in C, Java or Fortran) to do the Runge Kutta numer-
ical integration in step €). Draw a graph of the results.

g) Compare al of the solutions found in the previous steps.

h) Select a damper valueto give an overall system damping coefficient of 1. Verify
the results by numerically integrating.

X

_>

— M K

12. For the mechanism illustrated in the figure below the values are K =K (,=100N/m,
M;=M,=1kg, F=1N. Assume that the system starts at rest, and the springs are undeformed ini-

tialy.

X1 Xy

Ksl KSZ

a. Derive the differential equations for the system.

b. Put the equations in state variable form.

c. Put the equations in state variable matrices.

d. Use acalculator to find values for x; and x, over the first 10 seconds. Provide
theresultsin atablein 1 second intervals.

e. Use Scilab to plot the values for the first 10 seconds.

f. Use a Scilab program and the Runge-K utta method to produce a graph of the
first 10 seconds.
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0. Repeat step g. using the first-order approximation method.
h. Use a C program to produce a graph of points for the first 10 seconds.

4.10 PRACTICE PROBLEM SOLUTIONS

1,
X =V
y =
V=-2v-3x-5y+3
U= —u—6y—9x+sint
X 0 01 0l|x 0
diyf - |0 0 0 1fly|,| O
dtiy 3-5-20/|v 3
u -9-6 0 -1||u sint
2.
y1:V1
Yo = Vo
Y3 = V3
V. = 113,
27 12 12°3
37 70 1071710271027 103 " 10
7 o o o 1 o olr71 r . T
0
Y1 o0 0 o 1 oll™ 0
Y2 o o 0 0 o 1]/
dly y 0
d_3=—3—50—2—4—6 I +| _(_p
tly v T
1 0 0 0 -+ o LM 0
v, 12 12|y, :
7 9 1 1 8 —— COst
Y — = == = Y
3 710 10 10 10 10 O_-% 10
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X = 3-0.25x t X X
_ d ) 0 1 2.75
+h) = +hl =
X(t+h) = x(t) h( Sx(t 0 L 275
2 5.81 155
X(t+h) = x(t) + 1(3—0.25x(t)) 3 7.36 1.16
4 8.52 0.870
X(t+h) = 0.75x(t) + 3 5 9.39 0.652
6 10.0 0.489
7 105 0.367
8 10.9 0.275
9 11.2 0.206
10 11.4
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/1 integrate.sce - A sinple programto integrate a function
/1 To run this in Scilab use 'File' then 'Exec'
/1 by: H Jack Sept., 9, 2002
/1 define the function
function foo=f(x)
foo =5* x + 2 * log(sin(x) / x);
endfunction
/1l Set the tine length and step size

steps = 10;
X_start = 1,
x_end = 1.2;

x_delta = (x_end - x_start) / steps;
/'l Loop for rectangular integration
total = 0; // set the initial sumto zero
for i=0:steps,

X = x_start +i * x_delta;

total = total + f(x);
end
total = total * x_delta,;
printf("Rectangular integration value %\n", total);
/1 Loop for trapezoidal integration
total = 0; // set the initial sumto zero
for i=0:steps,

X = x_start + i * x_delta;

if i == 0 then
total = total + f(x);
elseif i == steps then
total = total + f(x);
el se
total = total + 2 * f(x);
end
end
total = total * x_delta / 2;

printf("Trapezoidal integration value %\n", total);
/1 Loop for Sinpson's rule integration
total = 0; // set the initial sumto zero
even = 0;
for i=0:steps,
X = x_start + i * x_delta;

if i == 0 then

total = total + f(x);
elseif i == steps then

total = total + f(x);
el se

even = even + 1;
if even > 1 then
total = total + 4 * f(x);

even = 0;
el se
total = total + 2 * f(x);
end
end
end
total = total * x_delta / 3;

printf("Sinpsons rule integration value %\n", total);
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#i ncl ude <stdio. h>

int main(){
int steps = 100,
i
doubl e theta,

onega,
step_t,
theta_l ast,
onega_| ast;
theta = 0.0;

onega = 0.0;
step_t = 1.0;
for(i = 0; i < steps; i++){
theta_l ast = theta;
onega_l ast = onega,;
theta = theta_last + step_t * onega_l ast;
onmega = onega_l ast + step_t*(-3 * onega_last - 9 * theta_last + 10);
printf("% 9% 9% \n", i+step_t, theta, onega);
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8 V(1) = —8.331e > cos(1.960t — 0.238) + 8.095
b Vo =Y,

Y, = —12Y,-42V, + 34

/1 assign4_1.sce
/'l by: H Jack Sept., 23, 2003

v0 = 0; /1 initial conditions
yo = 1;
X=[vO0, yO0];

/1 define the state matrix function
/1 the values returned are [Xx, V]
function foo=f(state,t)
foo = [ state($, 2), -1.2*state($,2) - 4.2*state($,1) + 34];
endfunction

/1l Set the tine length and step size for the integration

steps = 1000;

t_start = 0;

t_end = 10;

h = (t_end - t_start) / steps;
t = [t_start];

I

/1 Loop for integration

I

for i=1:steps,
t =[t ; t($:) + h];

F1L = h * f(X($:), t($,:));
F2 = h * f(X($,:) + F1/2.0, t($,:) + h/2.0);
F3 = h * f(X($,:) + F2/2.0, t($,:) + h/2.0);
FA4 =h* f(X($:) + F3, t(%,:) + h);
X=1[X; X($:) + (F1 +2.0*F2 + 2.0*F3 + F4)/6.0];
end
/1
/1l Graph the val ues
/1

plot2d(t, X, [-2, -5], leg="position@elocity");
xtitle('Tine (s)');

/1
/'l Generate points fromthe given function
/1
XX = [vO0];
for i=1:steps,
tt =i * h;
XX = [XX; -8.331 * exp(-0.6 * tt) * cos( 1.960 * tt - 0.238) + 8.095];
end

plot2d(t, XX, [-4], leg="explicit");

¢) The two curves produced by the scilab program overlap, so the results agree.
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10.
KX
F - SF = F-Kg-Kx = MX
—>
M KX . .
- Mx+Kyx+Kx = F
> X 10x + 10x + 10x = 10
X+X+x =1
homogeneous: . .
X+x+x =0
A+A+1 =0
A= —1E/1-4)(3) _ —o.5¢j§
2(1) 2
X, = Cle_0'5t003(§2't+cz)

particular: X, = B

0+0+B =1
Xy = 1
initial conditions:

X = Xp+ X, = Cle_o'stcos(ﬁ’t + Cz) +1

P 2
X = 3 C e_o'stsin(ét + CZ) —O.SCle_o'Stcos(ﬁ’t + CZ)
2 1 2 2
X(0) = —%Clsin(cz)—o.Sclcos(Cz) =0
—?sin(cz) = 0.5c0s(C,)
tan(C,) = == C, = atan(‘—1 = 05236
2 /\/:—3 2 /\/—
X(0) = C,c08(-0.5236) +1 = 0
C, = — =L - 1155

cos(—0.5236)

X = —1.155e_0'5tsin(§’t + 1.047) +1

First peak isat x=1.219, t=3.63s on graph
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Q)

h)
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X+(M)X+(M Sy
Ky = 1000 x,(t) = —0.115¢ > cos(5./3t — 0.524) + 0.10
m

Ky = 10000 X,(t) = —01e M+ 107 ¥ +0.10
m

=3[=%
X X
= 9O

1]
2| x o
[7)]

|
z|x e
o

X
Ll

+
<M o

For 100N/m: all solutions are underdamped and overshoot at;
b) 0.1163 at t = 0.363s
d) 0.1166 at t = 0.361s
e) 0.1163 at t = 0.363s
f) 0.1163 at t = 0.360s

For 10000N/m: all solutions are overdamped. The time to reach the time con-
stant (at 0.06321) is,

b) 0.06321 at t = 10.001s

d) 0.06321 at t = 10.000s

€) 0.06321 at t = 10.000s

f) 0.06321 at t = 10.0s

N . . — ,
Kg = ZOOES (verify with numerical integration also)
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/1 System conponent val ues
Ks1l = 100;
Ks2 = 100;

ML
M =
F=1

1;
1;

x
o
1

; /1 initial conditions

0
0
0
vli =20
X=[x0, vO, x1, vi];

/1 define the state matrix function the values returned are [Xx, V]

function foo=f(state,t)

foo = [ state($,2), -Ksl/M*state($, 1)+Ksl/ M*state($, 3)+F/ M,

Ksl/ Me*state($, 1)-(Ksl+Ks2)/ M*state($,3)];
endf uncti on

/1 Set the time length and step size for the integration

steps = 10000;

t_start = 0;

t_end = 10;

h (t_end - t_start) / steps;
t [t_start];

/1 Loop for integration
for i=1:steps,
t =t ; t($:) + h];

F1L = h* f(X($:), t($,:));

F2 = h * f(X($, :) + F1/2.0, t($,:) + h/2.0);

F3 = h * f(X($,:) + F2/12.0, t($,:) + h/2.0);

F4 = h* f(X($:) + F3, t($,:) + h);

X=1[X; X($:) + (F1 +2.0*F2 + 2.0*F3 + F4)/6.0];

end

/'l Graph the values for part e)

plot2d(t, X, [-2, -5, -7, -9], leg="positionl@elocityl@osition2@el ocity2");

xtitle('Tine (s)');

/'l printf the values for part f)
printf("\n\nPart e output\n\n");
for tine_count=0: 20,
i = (time_count/2) / h + 1;
printf("Point at t=% x1=%, v1=%,
X(i, 2), X(i, 3), X(i, 4));
end

/1l First order integration for part h)
X=[x0, vO0, x1, vi];
t = [t_start];
for i=1:steps,
t =[]t ; t($:) + h];
F1L = h * f(X($:), t($,:));
X=[X; X($:) +F1];
end
printf("\n\nPart g output \n\n");
for tine_count=0:20,
i = (time_count/2) / h + 1;
printf("Point at t=% x1=%, v1=%,
X(i, 2), X(i, 3), X(i, 4));
end

tinme_count/ 2,

tinme_count/ 2,

X(i

X(i

state($, 4),

OB

OB
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h) The following subroutine is used in place of the subroutinein
the program shown in Figure 4.26 and Figure 4.27.

/1

/] State Equations Cal cul ated Here

/1

voi d derivative(double t, double X[], double dX[]){

dx[0] = X[1];

dX[1] = -Ksl / ML * X[0] + Ks1 / ML * X[2] + Force / ML,
dXr2] = X[3];

dX[3] = Ksl/ M * X[0] - (Ksl + Ks2) / M * X 2];

4.11 ASSIGNMENT PROBLEMS

1. Write a Scilab program to implement the following equation to calcul ate the value of x.

i <100
X = z 5iu(i —20)
i=0
where,
u(t) =0 when t<0
u(t) = 1 when t>0

2. Write a Scilab program to implement the following equation to calculate the value of x.

10
_ E@® _
v = j ot M = 10
0
where,
F(t) = 10 when t<5

F(t) = 0 when t>5
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3. Write a Scilab program to implement the following equation to calculate the value of x.
10
X = J'f(t)dt f(t) = 5In(t)
0

4. Write a Scilab program to integrate the area under the function below using a numerical

method, such as Simpson’srule. Find the areafrom 1 to 2.
f(x) = Bx+ 2|n(5'—;”‘)

5. Numerically integrate one time step of the differential equation below using a) first order inte-
gration and b) Runge Kutta integration.

6+306+96 = 10

6. Convert the third order differential equation below to state equation form. With a numerical
method of your choice, find the state of the system 1 second later. Show all calculations.

X+4X+2x+5x = 10

7. The differential equation below describes afirst order system that starts with an initial value of
k=20. Find the state at two milliseconds using a) explicit integration, b) first order numerical
integration and ¢) Runge-K utta integration. For the numerical methods use a timestep of
h=0.001s. ----> The final results must be put in atable for easy comparison.

K+10k = 5 k(0) = 20

8. For the mechanism shown in the figure below the values are K4, =Ks=100N/m, K 4;=10NnvV/s,
M;=M,=1kg, F=1N. Assume that the system starts at rest, and the springs are undeformed ini-
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tially.

a. Derive the differential equations for the system.

b. Put the equations in state variable form.

c. Put the equations in state variable matrices.

d. Use acalculator or Scilab using first order integration to find values for x; and
X, over the first 10 seconds. Provide the resultsin atable in 1 second intervals.

e. Use Scilab to plot the values for thefirst 10 seconds using the values obtained in
part d.

f. Use a Scilab program and the Runge-Kutta method to produce a graph of the
first 10 seconds.

0. Use a C program to produce alist of points for the first 10 seconds.

h. Compare theresultsfound in steps d, f and g in atable.

9. Explicitly solve the following differential equation. Verify the result numerically.

v+ 20v2 = 200
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