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27. FINITE ELEMENT ANALYSIS (FEA)

Topics:

Objectives:

27.1INTRODUCTION
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27.2FINITE ELEMENT MODELS

» Consider acentral node’i” connected to neighboring nodes with springs.

* Equations can be written to relate the position of node i to the surrounding nodes
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and the applied force.

Ks(Yo 1 ¥i) N
_’ZFX = Fi —Ky(Xj—X5) + Kg(x;—x;) = 0
Ko(X.—X;) X (2Kg) +X5(—K ) + xo(-Kg) = F;.
Fo= (FOF,) b 2P R KO ye) # Kp—y) = 0
Ks(yi _yd) yi(ZKs) + yb(_Ks) + yd(_Ks) = Fiy
_Xi_
Yi
Xa
Ya

Fil _|2Kg 0 K400 0 —K 00 0 ||x,
F 0 2K, 0 00-Kg 0 00Ky,
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27.3FINITEELEMENT MODELS

» Consider acentral node’i” connected to neighboring nodes with springs.

* Equations can be written to relate the position of node i to the surrounding nodes
and the applied force. The’x’ and’y’ values are deflections from the unloaded state. The
'Ks' value is based on the material stiffness and the geometry of the elements.

+

Ko(Xp—X5) . ZFX = Fa tKs(Xp—=X%y) = 0
(Fa. Fa)
& & OF, = Xa(Kg) +Xp(—Ky)
Ks(Ya—Ya)
s A TR = Py K9 = 0
DFay = ya(Ks) +yd(_Ks)
+
Ks(Xp—X,) > Y Fy = Fp —Ky(X,—x5) = 0
(Fp, Fy) IFp, = Xa(K + %, (K)
X y
+ * ZFX = Fby_Ks(yb_yc) =0
Ks(yb_yc)

O I:by = yb(Ks) + yc(_Ks)
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Ks(yb_yc) + _ _
-+ > F = Fo —Kyxc=xg) = 0
Ko(X.—X4)
S — OF, = xo(Kg) *+Xg(—Ky)
(Fe. Fe) + * D Fe= Fe, +KYp=Ye) = 0

0 Fcy = yb(_Ks) + yc(Ks)

Ks(Yq—Ya) +
—> ZFX = Fg tKy(X;=%g) = 0
KS(XC_Xd) DFdX = Xc(_Ks) +Xd(Ks)
Fy = Fg tKo(Ya—Yg) = 0
(Fa. Fy) b LF Fo r Kl

0 de = ya(_Ks) + yd(Ks)

al] |[K, 0K, 0 0 0 0 0][x]
a, 0 K, 0O 0 0 0 0 —K{ly,
Fof |Ks 0 K¢ 0 0 0 0 0 ||x,
Fol |0 0 0 K, 0 Ky 0 0 ||y,
Fe. 0 0 0 0 Ki 0 —Kg 0]|x,
Fe, 0 0 0 K, 0 K, 0 0]lye
Fo. 0 0 0 0 —K, 0 Ky 0]|xg
Fy, 0 K, 0 0 0 0 0 K|y

local stiffness matrix

» This can be combined into a more
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» A four element mesh
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For element #1
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For element #2
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For element #3
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For element #4 Fs| [k, 0 K, 0 0 0 0 0|[x]
Fs, 0 K, O 0 0 0 0 —K|ys
Fe |-Ks 0 K, 0 0 0 0 0 ||x
Fe| _| 0 0 0 K; 0 =K, 0 0|y
Fg. 0 0 0 0 K, 0 =K, 0 ||xg
Fé, 0 0 K, 0 Ky 0 0lyg
Fo, 0 0 0 K, 0 Ko 0 lxg
Fo| L0 K0 0 0 0 0 Ky

« If the input forces are known, then the resulting displacements of the nodes can
be calculated by inverting the matrix. Consider the matrix for a single node.
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x] [k, 0k, 0 0 0 0o 0] |Fa
vy, |0 kK, 0 0 0 0 0 -k [Fa
x| |Ks O K 0 0 0 0 0f |Fp
Yo| |0 0 0 K, 0 K, 0 0] |Fy
X/ |0 0 0 0 K, 0 K, 0 |F
Y] |0 0 0 K 0 K, 0 0| |F
] |0 0 0 0K 0K 0| |F
v [0 K0 0 0 0 0K g

* If we assumethat node’c isfixedinthe’x’ and’y’ directions, the matrix can
reflect this by setting the appropriate matrix rowsto zero.

T — — __1_F_
X, K 0 K0 0 0 a,
Ya 0 K¢ 0 0 0Ky |Fg
Xp| _ |Ks 0 Kg 0 0 0O |Fp
Yo 0 0 0Kg0 O [Fy
Xq 0 0 0 0Ky 0] |F,
Yy 0 Ks 0 00 K| |F,
- - - L Y

* The displacements can then be found by selecting values for the coefficents and
solving the matrix. We can select avalue of 1000 for the stiffness, and aforce of 10 will be
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applied at point ’a in the positive'x’ direction.

- - r 1-1
X 10° 0 -10°0 0 0| r -
a ; J |10
Ya 0 10° 0o o o -10% |,
X| _ [-10° 0 10° 0 0 0| |0
Yo o 0 o0 1020 o0 0

0
Xd 0 0 0 0 10° 0O 0
Yd | o -10° 0 0 0 10°)]

* This method generates very large matrices, easily into the millions.
* To reduce the matrix size technigques such as symmetry are commonly used.

* Strains can be found by calculating the relative displacements of neighboring
points. These can then be used to calculate the stresses.

» More complex elements are commonly used depending upon the stress condi-
tions, part geometry and other factors.

» There are avariety of finite element element methods and applications

Computation Fluid Dynamics
Nonlinear deformation

27.4 SUMMARY
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27.5PRACTICE PROBLEMS

27.6 PRACTICE PROBLEM SOLUTIONS

27.7 ASSSIGNMENT PROBLEMS

1.

27.8 BIBLIOGRAPHY
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