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31. VECTORS

Topics:

Objectives:

31.1 Introduction

* Vectors are often drawn with arrows, as shown below,

head
terminus

A vector is said to have magnitude (length or
strength) and direction.

origin
tail

* Cartesian notation is also a common form of usage.
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becomes

y S j
Ax k}ki

* Vectors can be added and subtracted, numerically and graphically,

A4 =(2,3,4) A+B = (2+7,3+8,4+9)
B =(7,%,9) A-B=(2-7,3-8,4-9)

Parallelogram Law

31.1.1 Dot (Scalar) Product

» We can use a dot product to find the angle between two vectors

cosH = Fiehy
71|17
o aCOS( (2><5>+(4)<3>J
J22+ 4257+ 3
‘a - 22 _ o
S0 = acos((4.47)(6 32.5
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» We can use a dot product to project one vector onto another vector.

z A | = (=3i+4j+5KN

We want to find the component of
force F, that projects onto the
vector V. To do this we first con-
vert V to a unit vector, if we do
not, the component we find will

be multiplied by the magnitude y
of V. >

v o 1]_'+1k

Fy = LyeF, = (0707 +0.707k) o (- 3i +4j + SK)N

“Fy = (0)(=3)+(0.707)(4) + (0.707)(5) = 6N

» We can consider the basic properties of the dot product and units vectors.
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Unit vectors are useful when breaking up vector magnitudes and direction. As an exam-
ple consider the vector, and the displaced x-y axes shown below as x’-y’.

y |F| = 10N
b A b
\ Y "

N /

AN / o
N p 45
AN /

/
N | 609

We could write out 5 vectors here, relative to the x-y axis,

X axis = 2§
y axis = 3j
x‘axis = 1i+1j
y‘axis = — 11'+_1]_'
F = 10N£60° = (10c0s60°)i + (10sin60°);
None of these vectors has a magnitude of 1, and hence they are not unit vectors. But, if
we find the equivalent vectors with a magnitude of one we can simplify many tasks.

In particular if we want to find the x and y components of F relative to the x-y axis we
can use the dot product.

A, = 1i+0j (unit vector for the x-axis)

F.=xoF = (1i+0j)e[(10c0s60°)i+ (10sin60°)/]
= (1)(10c0s60°)+ (0)(10sin60°) = 10Ncos60°

This result is obvious, but consider the other obvious case where we want to project a
vector onto itself,
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wo_ F 10cos60°i + 10sin60°/ 607 + sin60°7
FT A T c0s60°7 + sin60°j

Incorrect - Not using a unit vector
Fp=FeF
= ((10c0s60°)i + (10sin60°);) ® ((10c0s60°)i + (10sin60°);)
= (10c0s60°)(10c0s60°) + (10sin60°)(10sin60°)
= 100((c0s60°)” + (sin60°)*) = 1067
Using a unit vector
Frp=Fel.
= ((10c0s60°)i + (10sin60°);) ® ((cos60°)i + (sin60°);)
= (10c0s60°)(cos60°) + (10sin60°)(sin60°)
o 2 1 ] 2 —
= 10((c0s60°)” + (sin60°)”") = 10 Correct

Now consider the case where we find the component of F in the x’ direction. Again,
this can be done using the dot product to project F onto a unit vector.

<
Il

¥ cos45°i + sin45°]_'

B!
I

o = Fel, = ((10cos60°)i+ (10sin60°);) e ((cos45°)i + (sin45°);)
= (10c0s60°)(cos45°) + (10sin60°)(sin45°)
= 10(cos60°cos45° + sin60°sin45°) = 10(cos(60° —45°))

Here we see a few cases where the dot product has been applied to find the vector pro-
jected onto a unit vector. Now finally consider the more general case,
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First, by inspection, we can see that the component of V, (projected) in the direction
of V; will be,

‘V2V1| = |V,|cos(6,-0))

Next, we can manipulate this expression into the dot product form,

= |V,|(cos6,cosO, + sin6, sinB,)

= |V,|[(cosB,i+ sinOj) ® (cosO,i+ sinb,j)]
2 1 v 2 2/

- e 2] - [ R] - B - v
)~ VAl = e

Or more generally,

V2
P = e = [

VeV,
V| cos(O —e):V[ }
Paleen@mt0 = 1y

VeV,
r.cos(8,-0,) = [m}

*Note that the dot product also works in 3D, and similar proofs are used.
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* In Scilab,

A=[123]
B=[456];
dot = A’*B;

31.1.2 Cross Product

* First, consider an example,

F = (- 6.43i+7.66j + 0k)N

INOTE: note that the cross prod-

d = (2i+0j+0k)m uct here is for the right hand

rule coordinates. If the left

] ) handed coordinate system is
L J k used F and d should be

2m Om Om reversed.

—6.43N 7.66 N ON

M=dxF =

M = (0mON—0m(7.66N))i—(2mON — 0m(~6.43N)); +
(2m(7.66N) — 0m(—6.43N))k = 15.3k(mN)

NOTE: there are two things to note about the solution. First, it is a vector. Here
there is only a z component because this vector points out of the page, and a
rotation about this vector would rotate on the plane of the page. Second, this
result is positive, because the positive sense is defined by the vector system.
In this right handed system find the positive rotation by pointing your right
hand thumb towards the positive axis (the ‘k’ means that the vector is about
the z-axis here), and curl your fingers, that is the positive direction.

* The basic properties of the cross product are,
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The cross (or vector) product of two vectors will yield a new vector perpendicular
to both vectors, with a magnitude that is a product of the two magnitudes.

v
VixV, = (xlg'+y1]_'+zll_c) X (x24'+y2]_'+22/_c) »2
i j ok
Vl X V2 = xl yl Zl
Xy Vo 2y

VixVy = zy =210+ (21x = x12)] T (X0, = y1x,)k

We can also find a unit vector normal ‘n’ to the vectors ‘V1’ and V2’ using
a cross product, divided by the magnitude.

_ VixV,
" |V1xV2‘

* When using a left/right handed coordinate system,

The positive orientation of angles and moments about an axis can be determined

by pointing the thumb of the right hand along the axis of rotation. The fingers
curl in the positive direction.

y X

y X

* The properties of the cross products are,
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The cross product is distributive, but not associative. This allows us to collect terms
in a cross product operation, but we cannot change the order of the cross product.

ry X F+ ry X F = (r1 + r2) x F DISTRIBUTIVE
r >l<)F #Fxr NOT ASSOCIATIVE
ut

rxF = —(Fxr)

* In Scilab,

function val=crossproduct(A, B) // No function is defined so use the following
val =[A(_2) * B(3) - A(3) * B(2) ;
A(3) * B(1) - A(1) * B(3)
A(D) *B(2) - A(2) * B(D)];

endfunction

31.2 Problems
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