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38. CALCULUS

Topics:

Objectives:

38.1 Introduction

38.2 Derivatives

* The basic definition of a derivative is,

gtf(x) = lim S+ Ax) - f(x)

Ax—0 Ax

» First derivatives are often used to get the slope of a function. When this is zero the function may
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be at a minimum/maximum.

A

N | .

* Notations,

\

7\\’

7 \
maxima minima inflection
d
dxy y
d _ .
dty y

* The basic principles of differentiation are,
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Both u, v and w are functions of x, but this is not shown for brevity.

Also note that C is used as a constant, and all angles are in radians.

d oy _
EC(C) =0

d _ d
(Cu) = (O=(w)
d

Lurve.) = 6%C(u)+dii(v)+

Ly = "L ()

L) = @M+ ()@ ~ productrule
49 - (g (r - E
dx\v/ V2 dx(u)_ V2 dx(v) - 2

L ) = ()£ w) + @)L () + ()L ()

c%c(y) = c%t(y)c%c(u) chain rule

d. .1
67)'6(“) = 7
du(x)
d
4, dn”
dxy d

@(x)
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* Examples,

d, 2
Z(F+t+3) = 2¢+
T 143) = 20+ 1

g(t2+t+3) _ 2t+1_t2+t+3
di\ t+2 t+2 (t+2)2

» Differentiation rules specific to basic trigonometry and logarithm functions

d _ 2d
a%(sinu) = (cosu)d%(u) Ec(cotu) = (Fescu) a’x(u)

d d
d B . d —(secu) = (tanusecu)—(u)
E(cosu) = (—smu)a(u) dx dx

1

d =(_ °d d d
gl =\ 5) ) ~(escu) = (~eseucotu) £-(w)

d v ud
€)= () C%C(sinhu) - (coshu)c%(u)

4 (Iny) =

1
- d . d
dx £ = £
X dx(COShu) (smhu)dx(u)

d _ 2d
dx(tanhu) = (sechu) dx(u)

» ’Hospital’s rule can be used when evaluating limits that go to infinity.

) (o) (4) 10

xliina(g(x)) gt (g)g(x) g (g_)zg(x)

» Some techniques used for finding derivatives are,
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Leibnitz’s Rule, (notice the form is similar to the binomial equation) can be used for
finding the derivatives of multiplied functions.

(8w = () ol o () )
D@ @) o @

38.3 Integrals

* Integrals are often referred to as anti-derivatives

* definite integrals have boundaries defines. Indefinitie integrals do not have boundaries defines
and a constant must be added to the result.

* To set up integrals use integration elements (aka slices),

YA

/d_;d—

f(x)

dA = width - height = dx - f(x)
A= jf(x)dx

» Some basic properties of indefinite integrals (no given start and end limits) include,
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In the following expressions, u, v, and w are functions of x. in addition to this, C is a
constant. and all angles are radians.
dex =ax+C
j Cfix)dx = C j f(x)dx
I(u +v+w+ .. )dx = judx+jvdx+jwdx+
judv = uv—J‘va’u = integration by parts

[fcxax = Lffwdn = Cx

[F(ftrydx = jF(u)d%(x)du - j%du u = fix)
n+1

Ixndx =2 +C J-ldx = Inlx| +C
n+1 X

Iaxdx=a—x+C .[exdx=ex+C
Ina

* Some of the trigonometric integrals are,
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J-sinxdx = —cosx+C I(cosx)4dx = 3x, sin2x, sindx C
8 4 1 32

. n+

J-cosxdx = sinx+ C Icosx( sinx)"dx = (sinx) C
n+1

j(sinx)zdx = — %m +C Isinhxdx = coshx + C

j(cosx)zdx = w +C Icoshxdx = sinhx + C

L2
[(sinxy’ax = - COSX((SI;”) 2 ¢ [ tanhxdy = In(coshx) +C

. 2
j(cosx)3dx = Smx((CO;X) +2)+C

J-xcos(ax)dx = %fx) + Z—zsin(ax) +C
a

2 2 )
J‘x cos(ax)dx = xcosz(ax) + 3 sin(ax)+C
a a

» Some other integrals of use that are basically functions of x are,
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n+1

.[xndx=x +C
n+1

[(a+bx)"dx - l‘l(-"—;—b-x—)+c

-1 _
[(a+b?) dx = — 1n(ﬁl+2ﬁ)+c,a>o,b<o
2J(=b)a NJa-xJ-b
—1 2
Ix(a+bx2) dx = MJrC
2b
Ixz(a+bx2)_1dx =X 4 atan(x ab) +C
b b.Jab a
-1
I(az—xz) dx = iln(CH_x) + C, at>x
2a \a—x

[(a+bx)"dx - Z—V"b””‘ e

1

2
Ix(xziaz) dx = /\/xziaz-irC

-1
.[(a+bx+cx2) dx = %ln[Ala+bx+cx2+xAﬂ:+—il/_—J+C,c>0
c 2.4c

-1
I(a +bx + sz) dx = Lasin

{—2cx—b
J-c

}+C,c<0
b2—4ac
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1 3
2, _ 2 >
[(a+bx)’dx = $(a+bx)
1 3
2 _ i 3
[a+bx)’dx = S(a+bx)
1 3
D) 2
J-x(aerx)zdx _ 2(2a—3bx)ga+bx)

15b

1 ln(x + (Lz + xz)

N =

2.2
% x(1+ax) + a
j(1+ax)dx— a
2
3
2
7 2
a
J‘X(1+ax ) dx = —
1
2
! 3 1 11’1(x+(l +x2)J
2.2 ax 2 az

J-x (1+ax ) dx = —(lz*"xz) —ix(lvtax )2_

a 8a 8a3

1

! 1
[0 - 1[x(1 EEXH asin(ax)}

NI —
WIQ
I/~
t\)l’_‘

|

Rl\)
N

j-x(l—ax ) dx = —=

N

1
2.2

Ix (@ —x") dx = _‘(a ~x%) +%[x(a —x) +a asm(;ﬂ

N =

1
2
j(l +a2x2) dx = lln|:x+(L+x2) :|
a az

1

=

2
J-(l —azxz) dx = éasin(ax) = —éacos(ax)
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* Integrals using the natural logarithm base ‘e’,

ax

J-eaxdx =< +C
a

ax

jxeaxdx = g—z(ax— +C
a

38.3.1 Integration Examples

* Integration by parts - It is normal to have to do the integration by parts more than once to solve a
problem.

j x° sindxdx

u =
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 Substitution.

2
Itet+ldt
guess
2
w=1f+1 iw—zt dw = 2tdt
dt
jtetzﬂaft:jetz+1 Ie —w——e +C—let+1+C
2

» Partial fractions can be used to reduce complex polynomials to simple to integrate forms.

J-( 25x+10 )dx _
2

x +3x+

38.4 Vectors

» When dealing with large and/or time varying objects or phenomenon we must be able to
describe the state at locations, and as a whole. To do this vectors are a very useful tool.

* Consider a basic function and how it may be represented with partial derivatives.
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y = f(x,y,2)

We can write this in differential form, but the right hand side must contain partial
derivatives. If we separate the operators from the function, we get a simpler form.
We can then look at them as the result of a dot product, and divide it into two vec-
tors.

@y = (e a)ax+ (S 2)dy + (). 2)dz
(d)y = [( (D dx + ( )dy + ( (Ddz}f(x 7,7)

@y = [(Li+ 8—)/_' # 2k o dxi ]+ dzB) i 3, 2)

We then replace these vectors with the operators below. In this form we can manipu-
late the equation easily (whereas the previous form was very awkward).

(d)y = [V edX]f(x,,z)
(d)y = Vf(x,y,z) e dX
(d)y = |Vf(x,, 2)||ldX cos®

In summary,

V=_21i+ V e F = the divergence of function F
ax’ ay’ g

V x F = the curl of function F
F = in+Fy/_'+FZl_c

* Gauss’s or Green’s or divergence theorem is given below. Both sides give the flux across a sur-
face, or out of a volume. This is very useful for dealing with magnetic fields.

j(v o F)dV = §>FdA
4 4
where,
V,A = avolume V enclosed by a surface area A

F = afield or vector value over a volume

* Stoke’s theorem is given below. Both sides give the flux across a surface, or out of a volume.
This is very useful for dealing with magnetic fields.
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j(v x F)dA = §>FdL
A L
where,

A, L = A surface area A, with a bounding parimeter of length L

F = afield or vector value over a volume

38.5 Numerical Tools

38.5.1 Approximation of Integrals and Derivatives from Sampled Data

* This form of integration is done numerically - this means by doing repeated calculations to solve
the equation. Numerical techniques are not as elegant as solving differential equations, and
will result in small errors. But these techniques make it possible to solve complex problems
much faster.

* This method uses forward/backward differences to estimate derivatives or integrals from mea-
sured data.
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Yit1 -
Yi-
Yi-1 -

t

i—1

=G - () -

1
}(yi_yi_ﬂ = }(yi+1_yi)

1

J,z,. () z()’i +;"_1)(Zi—li1) -

1
)—?(yl-—y,-,

1)

T
z(yi—’_yifl)

_ 2y;ty; 1ty

1
(dDZ ?w(yi+1_yi

38.5.2 Centroids and Moments of Inertia

38.6 Problems

1. Find the following derivatives.

r

o)

b) c%(etsin(2t—4))

ans.

1
(x+1)°

—e¢ 'sin(2¢—4) +2¢ 'cos(2t—4)




page 168

2. Solve the following integrals.

a 2t ans. 1 2
) J'e dt ¢+ C

1.
—co0s0 +=sin30+C
b) j(sine + co0s30)do 3

3. Set up an integral and solve it to find the area inside the volume below. The shape is basically a
cone with the top cut off.
z

A y

W (€ e
3 3 3

(move later) 4. Write a program that integrates the following function using the trapezoidal
rule and Simpson’s rule. The period of integration should range from 0 to 10 seconds. The
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program should compare the numerical results to the exact result.

W(t) = 5¢ + sin(20¢)

// sample program

function foo = y(t)
foo=5*t"2+sin (20 *1t),

endfunction

sum = 0;
h=0.1; // step size
for t=0:h:10
sum = sum + h * (f(t+h) + f(t)) / 2; // uses the trapezoid rule
end

t=10;

actual = (5/3) *t "3 -0.05 * cos(20 * t);

mprintf("integral value numerical = %f, actual = %f \n", sum, actual);
// the value should be 1667 approximately

(move later - near end) 5. Write a program that finds the location of the minimum value for the
function given below.

p(x) = sin(sin(5x%) + cos(20x) — 5x) + (x — 10)°

// sample program
function foo = y(x)

foo = sin(sin(5 * x * x) + cos(20 * x) - 5*x) + (x - 10) " 2;
endfunction

y_min = 100000000000; // something big to start
x_min = 0; // this value doesn’t matter
h =0.001; // step size - also the accuracy
for x =-100:h:100
if (y(x) <y_min), // look for the smallest value

X_min = x;
y_min = y(x);
end

end
X_min, y_min




8. Differentiate.

a)

b)

¢)

d)

2)

h)

)

k)

D

44y
«d)
In(x)
In(x +x°)

X
e

2 3
X+x —x

2
x +5

x3 + 5x

x +5
sin(x7)
¢ sin(x)

sinx
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(ans.

4+ 4

-5
A3 (x + 4)
1

X

3)c2 +1

3
x +x

X
e

2 3
(—3x2+2x+ et
—x2+5
2 2
(x"+5)
—x2+5
2 2
(x"+5)
2xexZJr5
2xcosx2
2 2

2xe" sin(x)+¢e" cos(x)

Xcosx — sinx

2
X
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9. Integrate the following indefinite functions with respect to x.

a) 1 (ans. In(x)+C

X

X
b) x+5 x=5In(x+5)+C
c) lS __12 +C

b 2x

4 23
d) 5.3 1052 1.25x + ¥ +C
e) xex2 lex2 +C
2
f) COSX sinx + C
9  (cosy)’ sinxcosx +x
2
10. Solve the following integrals.

9 e tdr (ans

0

0, 3
by [ (F+50)di 12833.33

0

4n
©) j- cos(t)dt 0

0

11. Write a Scilab program that numerically intergrates the following functions.

10
a) J' (7 +50)dt
0

b) JAR cos(t)dt
0
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